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Chapter 1
Introduction

These notes have been prepared for the graduate course taught at the Fields
Institute, Toronto, during the thematic program on quantitative finance which was
held from January to June, 2010.

I'would like to thank all the participants to these lectures. It was a pleasure for me
to share my experience on this subject with the excellent audience that was offered
by this special research semester. In particular, their remarks and comments helped
to improve parts of this document and to correct some mistakes.

My special thanks go to Bruno Bouchard, Mete Soner, and Agnés Tourin who
accepted to act as guest lecturers within this course. These notes have also benefitted
[from the discussions with them, and some parts are based on my previous work with
Bruno and Mete.

These notes have also benefitted from careful reading by Matheus Grasselli,
Pierre Henry-Labordére and Tom Salisbury. I greatly appreciate their help and hope
there are not many mistakes left.

I would like to express all my thanks to Matheus Grasselli, Tom Hurd, Tom
Salisbury, and Sebastian Jaimungal for the warm hospitality at the Fields Institute
and their regular attendance to my lectures.

These lectures present the modern approach to stochastic control problems with
a special emphasis on the application in financial mathematics. For pedagogical
reason, we restrict the scope of the course to the control of diffusion processes, thus
ignoring the presence of jumps.

We first review the main tools from stochastic analysis: Brownian motion and
the corresponding stochastic integration theory. This already introduces to the first
connection with partial differential equations (PDEs). Indeed, by It6’s formula,
a linear PDE pops up as the infinitesimal counterpart of the tower property.
Conversely, given a nicely behaved smooth solution, the so-called Feynman—Kac
formula provides a stochastic representation in terms of a conditional expectation.

N. Touzi, Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE, 1
Fields Institute Monographs 29, DOI 10.1007/978-1-4614-4286-8_1,
© Springer Science+Business Media New York 2013



2 1 Introduction

We then introduce the class of standard stochastic control problems where
one wishes to maximize the expected value of some gain functional. The first
main task is to derive an original weak dynamic programming principle which
avoids the heavy measurable selection arguments in typical proofs of the dynamic
programming principle when no a priori regularity of the value function is known.
The infinitesimal counterpart of the dynamic programming principle is now a
nonlinear PDE which is called dynamic programming equation or Hamilton—
Jacobi—Bellman equation. The hope is that the dynamic programming equation
provides a complete characterization of the problem, once complemented with
appropriate boundary conditions. However, this requires strong smoothness con-
ditions, which can be seen to be violated in simple examples.

A parallel picture can be drawn for optimal stopping problems and, in fact, for
the more general control and stopping problems. In these notes we do not treat
such mixed control problems, and we rather analyze separately these two classes
of control problems. Here again, we derive the dynamic programming principle
and the corresponding dynamic programming equation under strong smoothness
conditions. In the present case, the dynamic programming equation takes the form
of the obstacle problem in PDEs.

When the dynamic programming equation happens to have an explicit smooth
solution, the verification argument allows to verify whether this candidate indeed
coincides with the value function of the control problem. The verification argument
provides as a by-product an access to the optimal control, i.e., the solution of the
problem. But of course, such lucky cases are rare, and one should not count on
solving any stochastic control problem by verification.

In the absence of any general a priori regularity of the value function, the next
development of the theory is based on viscosity solutions. This beautiful notion was
introduced by Crandal and Lions and provides a weak notion of solutions to second-
order degenerate elliptic PDEs. We review the main tools from viscosity solutions
which are needed in stochastic control. In particular, we provide a difficulty-
incremental presentation of the comparison result (i.e., maximum principle) which
implies uniqueness.

We next show that the weak dynamic programming equation implies that the
value function is a viscosity solution of the corresponding dynamic programming
equation in a wide generality. In particular, we do not assume that the controls are
bounded. We emphasize that in the present setting, there is no a priori regularity
of the value function needed to derive the dynamic programming equation: we
only need it to be locally bounded! Given the general uniqueness results, viscosity
solutions provide a powerful tool for the characterization of stochastic control and
optimal stopping problems.

The remaining part of the lectures focus on the more recent literature on
stochastic control, namely stochastic target problems. These problems are motivated
by the superhedging problem in financial mathematics. Various extensions have
been studied in the literature. We focus on a particular setting where the proofs
are simplified while highlighting the main ideas.
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The use of viscosity solutions is crucial for the treatment of stochastic target
problems. Indeed, deriving any a priori regularity seems to be a very difficult task.
Moreover, by writing formally the corresponding dynamic programming equation
and guessing an explicit solution (in some lucky case), there is no known direct
verification argument as in standard stochastic control problems. Our approach is
then based on a dynamic programming principle suited to this class of problems,
and called geometric dynamic programming principle, due to a further extension of
stochastic target problems to front propagation problems in differential geometry.
The geometric programming principle allows to obtain a dynamic programming
equation in the sense of viscosity solutions. We provide some examples where the
analysis of the dynamic programming equation leads to a complete solution of the
problem.

We also present an interesting extension to stochastic target problems with con-
trolled probability of success. A remarkable trick allows to reduce these problems to
standard stochastic target problems. By using this methodology, we show how one
can solve explicitly the problem of quantile hedging which was previously solved by
Follmer and Leukert [21] by duality methods in the standard linear case in financial
mathematics.

A further extension of stochastic target problems consists in involving the
quadratic variation of the control process in the controlled state dynamics. These
problems are motivated by examples from financial mathematics related to market
illiquidity and are called second-order stochastic target problems. We follow the
same line of arguments by formulating a suitable geometric dynamic programming
principle and deriving the corresponding dynamic programming equation in the
sense of viscosity solutions. The main new difficulty here is to deal with the short-
time asymptotics of double stochastic integrals.

The final part of the lectures explores a special type of stochastic target
problems in the non-Markovian framework. This leads to the theory of backward
stochastic differential equations (BSDE) which was introduced by Pardoux and
Peng [32]. Here, in contrast to stochastic target problems, we insist on the existence
of a solution to the stochastic target problem. We provide the main existence,
uniqueness, stability, and comparison results. We also establish the connection with
stochastic control problems. We finally show the connection with semilinear PDEs
in the Markovian case.

The extension of the theory of BSDEs to the case where the generator is
quadratic in the control variable is very important in view of the applications
to portfolio optimization problems. However, the existence and uniqueness can
not be addressed as simply as in the Lipschitz case. The first existence and
uniqueness results were established by Kobylanski [26] by adapting to the non-
Markovian framework techniques developed in the PDE literature. Instead of this
highly technical argument, we report the beautiful argument recently developed by
Tevzadze [39] and provide applications in financial mathematics.

The final chapter is dedicated to numerical methods for nonlinear PDEs. We
provide a complete proof of convergence based on the Barles—Souganidis motone
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scheme method. The latter is a beautiful and simple argument which exploits
the stability of viscosity solutions. Stronger results are provided in the semilinear
case by using techniques from BSDE:s.



Chapter 2

Conditional Expectation and Linear
Parabolic PDEs

Throughout this chapter, (2, F,F, P) is a filtered probability space with filtration
F = {F, t > 0} satisfying the usual conditions. Let W = {W;, t > 0} be a
Brownian motion valued in R?, defined on (Q,F,F, P).

Throughout this chapter, a maturity 7 > 0 will be fixed. By H?, we denote
the collection of all progressively measurable processes ¢ with appropriate (finite)
dimension such that IE[fOT | |?dt] < oco.

2.1 Stochastic Differential Equations

In this section, we recall the basic tools from stochastic differential equations
dX, = b,(X;)dt + o,(X,)dW;, t € [0, T], 2.1)

where 7 > 0 is a given maturity date. Here, b and o are F ® B(R")-progressively
measurable functions from [0, 7] x Q x R" to R"” and Mg(n,d), respectively.
In particular, for every fixed x € R”", the processes {h;(x),0,(x),t € [0,T]} are
F—progressively measurable.

Definition 2.1. A strong solution of (2.1) is an F—progressively measurable pro-
cess X such that fOT(Ibt(X,)I + |oy(X;)|>)dt < o0, as., and

t t
X, = Xo +/ by(Xs)ds +/ os(X)dWs, t €[0,T].
0 0

Let us mention that there is a notion of weak solutions, which relaxes some condi-
tions from the above definition in order to allow for more general stochastic differen-
tial equations. Weak solutions, as opposed to strong solutions, are defined on some
probabilistic structure (which becomes part of the solution), and not necessarily
on (2, F,FF,P, W). Thus, for a weak solution we search for a probability structure

N. Touzi, Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE, 5
Fields Institute Monographs 29, DOI 10.1007/978-1-4614-4286-8_2,
© Springer Science+Business Media New York 2013



6 2 Conditional Expectation and Linear Parabolic PDEs

(§2, F , F, ]f”, W) and a process X such that the requirement of the above definition
holds true. Obviously, any strong solution is a weak solution, but the opposite claim
is false.

The main existence and uniqueness result is the following.

Theorem 2.2. Let Xy € L2 be a r.v. independent of W. Assume that the processes
b.(0) and o .(0) are in H? and that for some K > 0,
|bi(x) = by (¥)| + lov(x) —or(¥)| = K|x —y| forallt €[0.T], x,y € R".

Then, for all T > 0, there exists a unique strong solution of (2.1) in H?. Moreover,

E |:sup |X,|2} < C (1 +E|Xo|*)eT, (2.2)

t<T

for some constant C = C(T, K) depending on T and K.

Proof. We first establish the existence and uniqueness result, then we prove the
estimate (2.2).

Step 1. For a constant ¢ > 0, to be fixed later, we introduce the norm

1/2

T
¢l :=E [/ e_”lqﬁtlzdt} for every ¢ € H2.
0

Clearly, the norms ||.||g2 and |||z on the Hilbert space H? are equivalent. Consider
the map U on H? by

t t
UX), = X0+/ bs(Xs)der/ os(X)dWs, 0<t<T.
0 0

By the Lipschitz property of b and o in the x—variable and the fact that b (0)o (0) €
H?, it follows that this map is well defined on H?. In order to prove existence and
uniqueness of a solution for (2.1), we shall prove that U(X) € H? for all X € H?
and that U is a contracting mapping with respect to the norm ||. ||z for a convenient
choice of the constant ¢ > 0.

1. We first prove that U(X) € H? for all X € H?. To see this, we decompose:

2
dt}

T
U3 < 3T Xoll?, + 3TE [/
0

+3E [ [

/Ot bs(Xy)ds

2
dt] .

t
/ 0y (X,)dW,
0
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By the Lipschitz continuity of b and o in x, uniformly in ¢, we have |b,(x)|* <
K(141b;:(0)]?+|x|?) for some constant K. We then estimate the second term by:

[ [ hoas

since X € H?, and b(.,0) € L2([0, T]).
As, for the third term, we use the Doob maximal inequality together with
the fact that |0, (x)|?> < K(1 + |0:(0)|> + |x|?), a consequence of the Lipschitz

property on o'
T 2 2
E |:/ dt] <TE |:max dt]
0 t<T
T
<A4TE [ / los<Xs)|2ds}
0

T
< 4TKE [/ (1 + oy (0))* + |XS|2)ds} < 00.
0

2 T
dt] < KTE [/ (14 |b:(0)> + |XS|2)ds} < 00,
0

t t
/ 0, (X,)dW, / 0, (X,)dW,
0 0

2. To see that U is a contracting mapping for the norm |[.|[gz2, for some convenient

choice of ¢ > 0, we consider two process X,Y € H? with Xy = Y, and we
estimate that:

E|UX), —UY),?

t 2 i 2
<E /0 (by(X,) — by(Y,)) ds +2E‘ /0 (0, (X,) — 0, (¥.)) dW,

t 2 t
=2E‘ / (by(X,) — by(¥.)) ds| +2E / 105 (X;) — 0 (V)2 ds
0 0

t t
<uE / 1by(X,) — by (¥,)P ds + 2E / 103 (X;) — 0, ()2 ds
0 0

t
< 2T+ DK / E|X, — Y, ds.
0

Hence, |[U(X)—-U(Y)|, <

2K(T +1
ﬁ |X —Y||,, and therefore U is a

contracting mapping for sufficiently large c.

Step 2. We next prove the estimate (2.2). We shall alleviate the notation writing
by := by(Xy) and oy := 0,(Xy). We directly estimate



8 2 Conditional Expectation and Linear Parabolic PDEs

u u 2
X0+/ bsds+/ o, dW;
0 0
t u 2
§3<1E|X0|2+z1EU |bs|2ds:|+E|:sup / o, dW, ])
0 u<t 0
t 1
53(E|X0|2+ZE[/ |b5|2ds}+4E[/ |os|2dsD
0 0

where we used the Doob’s maximal inequality. Since b and o are Lipschitz
continuous in x, uniformly in ¢ and w, this provides:

E [sup |Xu|2:| =E |:sup

u<t u<t

t
E|:sup|Xu|2:| <C(K.T) (1 +E|X0|2+/ E|:sup|Xu|2:| ds),
0

u<t us<s

and we conclude by using the Gronwall lemma. O

The following exercise shows that the Lipschitz-continuity condition on the coef-
ficients b and o can be relaxed. We observe that further relaxation of this assumption
is possible in the one-dimensional case, see, e.g., Karatzas and Shreve [23].

Exercise 2.3. In the context of this section, assume that the coefficients u and o are
locally Lipschitz and linearly growing in x, uniformly in (¢, ®). By a localization
argument, prove that strong existence and uniqueness holds for the stochastic
differential equation (2.1).

In addition to the estimate (2.2) of Theorem 2.2, we have the following flow
continuity results of the solution of the SDE. In order to emphasize the dependence
on the initial date, we denote by {X!*,s > r} the solution of the SDE (2.1) with
initial condition X, = x.

Theorem 2.4. Let the conditions of Theorem 2.2 hold true, and consider some
(t,x) € [0,T) x R*" witht <t' <T.

(i) There is a constant C such that

E [ sup | X! — Xj”‘/|2’] < Ce|x — X1 (2.3)

t<s<t’

(ii) Assume further that B := supr<,/5T(t’—t)_1Eftt/ (16-(0)*+]o, (0)[?)dr < oco.
Then forallt' € [t, T]

E[ sup | XY — XS’/"‘H] < CeT(B + |x|P)|t/ —1]. (2.4)
t'<s<T
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Proof. (i) To simplify the notations, we set X; := X’ and X/ := X' for all
s € [t, T]. We also denote 6x := x —x', X := X — X', 6b := b(X) b(X')
and 80 := 0(X) — o(X’). We first decompose

s 2
[ o)
t

s 2
/5budu} n
t
) K ) K P
53(|8x| +(s—t)/ 1854 du+/ 5o, dW, )
t t

Then, it follows from the Doob maximal inequality and the Lipschitz property
of the coefficients b and ¢ that

5X, < 3 (|8x|2 +

h(t') := E[ sup |8XS|2} <3 (|8x|2 + (s —z)/‘ E\abufdu
t

t<s<t’
+4 / E|80M|2du)
t

<3 (|8x|2 + K21+ 4) / E|8Xu|2du)
t

<3 (|8x|2 + KX+ 4) / h(u)du) .

Then the required estimate follows from the Gronwall inequality.

(ii) We next prove (2.4). We again simplify the notation by setting X, := X!,
s € [t,T], and X| := X{*", s € [t/,T]. We also denote §t := t' — ¢, §X =
X —X',8b:=b(X)—b(X'),and o := 0(X) — o(X’). Then following the
same arguments as in the previous step, we obtain for all u € [t/, T']:

h(u) :=E [ sup |8XS|2} <3 (E|X,/ — x>+ KX(T + 4)/ E|8X,|2dr)
f/

t/<s<u

<3 (E|Xﬂ — x>+ KX(T + 4) /uh(r)dr)
(2.5)

Observe that

ElX, —x*> <2 (IE

/t/ b,(X,)dr)2 + E‘ /ﬂ or (Xr)drjz)
<2 (T /t/ E|b, (X,)|*dr + /r/ 1E|o,(X,.)|2dr)
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t/
<6(T + 1)/ (K’E|X, — x|* + |x|* + E|b,(0)|*)dr
t

<6(T + 1)((z’ —0)(x]* + B) + KZ/t E|X, —x|2dr).

t
By the Gronwall inequality, this shows that
E|X, —x|* < C(|x|> + B)|t' — t]e€“" ™.

Plugging this estimate in (2.5), we see that
h(u) <3 (C(|x|2 + B)|t' —t|e€(t' — 1) + KX(T + 4)/ h(r)dr), (2.6)
t/

and the required estimate follows from the Gronwall inequality. O

2.2 Markovian Solutions of SDEs

In this section, we restrict the coefficients b and o to be deterministic functions of
(¢, x). In this context, we write

b;/(x) = b(t,x), o,(x) =0o(t,x) fort €[0,T], x € R",

where b and ¢ are continuous functions, Lipschitz in x uniformly in 7. Let X'
denote the solution of the stochastic differential equation

s s
X =x +/ b(u,X;’x)du+/ a(u, X,i’x)dWM s> 1.
t t

The two following properties are obvious:

* Clearly, X!* = F (t,x,s, (W — W;),<u<;) for some deterministic function F.
e Fort <u<s: X S’*" =X S‘"X‘i’x. This follows from the pathwise uniqueness, and
holds also when u is a stopping time.

With these observations, we have the following Markovian property for the solutions
of stochastic differential equations.

Proposition 2.5 (Strong Markovian property). For all stopping time t with
values in [0, s]

E[® (Xt su=s)|F]=E[®(XpT=uxs)|X]

for all bounded function @ : C([z,s]) — R.
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2.3 Connection with Linear Partial Differential Equations

2.3.1 Generator

Let {X!*,s > t} be the unique strong solution of

s

X =x +/ b(u,XL'i’x)du+/ o(u, XdW,, s > t,
t t

u
where 1 and o satisfy the required condition for existence and uniqueness of a

strong solution.
For a function f : R” — R, we define the function A f by

if the limit exists.

Aft,x) = }111_1)% E[f(XtJ—/;l)] - f(x)

Clearly, A f is well defined for all bounded C 2_ function with bounded derivatives
and

Af(t,x) =b(t,x)- Df(x) + %Tr [aaT(t,x)sz(x)] , 2.7)

where Df and D? f denote the gradient and Hessian of f, respectively. (Exercise !).
The linear differential operator A is called the generator of X. It turns out that the
process X can be completely characterized by its generator or, more precisely, by
the generator and the corresponding domain of definition.

As the following result shows, the generator provides an intimate connection
between conditional expectations and linear partial differential equations.

Proposition 2.6. Assume that the function (t,x) — v(t,x) := E [g(Xth)] is
C'2([0,T) x R"). Then v solves the partial differential equation:

d
a—:+Av=0andv(T,.) =g
Proof. Given (t,x) with 2§ := T —t > 0, let ry := (T —§) Ainf{u > 1 :
| X!*—x| > 1}. For an arbitrary s > ¢, it follows from the law of iterated expectation
together with the Markovian property of the process X that

v(t,x) =E[v(s A, X3)]-
Since v € C'?([0, T),R"), we may apply Itd’s formula, and we obtain by taking
expectations:
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SAT]
0=E [ / (Q + Av) . X;’X)du:|
AT

SAT] BV
+E |:/ —(u, X)) o (u, XLi’x)qu]
‘ ax

SAT]
_E [ / (Q + Av) u, X;’X)du} :
‘ ot

where the last equality follows from the boundedness of (u, X!*) on [t,s A 71]
together with the continuity of o. We now send s “\ ¢, and the required result
follows from the dominated convergence theorem. O

2.3.2 Cauchy Problem and the Feynman—Kac Representation

In this section, we consider the following linear partial differential equation,

v _ d
oy TAV K@Y+ f(x) =0, (1,x) €[0.T) xRY 2.8)

wT,)=g

where A is the generator (2.7), g is a given function from R? to R, k and f are
functions from [0, 7] x R? to R, b and o are functions from [0, 7] x R? to RY and
Mr(d, d), respectively. This is the so-called Cauchy problem.

For example, when k = f = 0, b = 0, and o is the identity matrix, the above
partial differential equation reduces to the heat equation.

Our objective is to provide a representation of this purely deterministic problem
by means of stochastic differential equations. We then assume that b and o satisty
the conditions of Theorem 2.2, namely that

T
b, o Lipschitz in x uniformly in ¢, / (16(1.0)]* + |o(2,0)]) dt < 0. (2.9)
0

Theorem 2.7. Let the coefficients ba be continuous and satisfy (2.9). Assume
further that the function k is uniformly bounded from below and f has quadratic
growth in x uniformly in t. Let v be a C'? ([O, T),Rd) solution of (2.8) with
quadratic growth in x uniformly in t. Then

T
v(t,x) = IE|:/ B f(s, XIY)ds + B g (X’Tx):|, t<T, xeR?,
t

where { X%, s > t} is the solution of the SDE (2.1) with initial data X, = x, and
Bl = e S kX gy < g < T
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Proof. Forn > 1, wedenote T,, := T — 1/n.Fort < T, we have T,, > ¢ for large
n, and we introduce the sequence of stopping times

T, =T, Adnf{s > 1 : |X¥ — x| > n}.

Then 7, —> T P—a.s. Since v is smooth, it follows from It6’s formula that for
t<s<T

d (B v (s. XY)) = B~ (—kv + % + .Av) (s, X!%)ds

B (5. X0 o (5, KU)W,

av

= B (= X (5, X) (5, X0 )

by the PDE satisfied by v in (2.8). Then:
BB (. X0)] = vie.)

=K I:/Tn IB;" (—f(S, Xs)dS + g_: (S, X;Y) e (S, X;Y) dm):| '

Now observe that the integrands in the stochastic integral are bounded by definition
of the stopping time t,, the smoothness of v, and the continuity of o and the
boundedness of 8. Then the stochastic integral has zero mean, and we deduce that

v(t.x) = E U B f (5, XI%) ds + By (1o, X;“‘):| . @10)

t

Since 1, —> T and the Brownian motion has continuous sample paths P—a.s., it
follows from the continuity of v that P—a.s.

n
/ BT F (5. X1) ds + B (5. X1
t

n—o00

T
= [ () as B (T X
t

T
= / BUEf (s, X!7) ds + B g (X5 @.11)

by the terminal condition satisfied by v in (2.8). Moreover, since k is bounded from
below and the functions f and v have quadratic growth in x uniformly in ¢, we have

/ ' B f (s, X[Y)ds + B (m. X2¥)| < € (1 + rtn<aTx|X,|2) .
t =
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By the estimate stated in the existence and uniqueness Theorem 2.2, the latter bound
is integrable, and we deduce from the dominated convergence theorem that the
convergence in (2.11) holds in L' (P), proving the required result by taking limits
in (2.10). O

The above Feynman—Kac representation formula has an important numerical
implication. Indeed it opens the door to the use of Monte Carlo methods in order
to obtain a numerical approximation of the solution of the partial differential
equation (2.8). For the sake of simplicity, we provide the main idea in the case
f=k=0.Let (XD, ..., X®) be an iid sample drawn in the distribution of X",
and compute the mean:

k
et x) = %Zg (x©).

i=1

By the law of large numbers, it follows that V¢ (¢, x) — v(¢, x) P—a.s. Moreover,
the error estimate is provided by the central limit theorem:

«/E(f/k(t, x) —v(t, x)) o N (O, Var [g (XIT")]) in distribution

and is remarkably independent of the dimension d of the variable X!

2.3.3 Representation of the Dirichlet Problem

Let D be an open subset of R?. The Dirichlet problem is to find a function u solving:
Au—ku+ f =0o0n D and u = g on dD, (2.12)

where 9D denotes the boundary of D and A is the generator of the process X %
defined as the unique strong solution of the stochastic differential equation

t t
X0 = [ueas + [ aGeean ez o
0 0

Similarly to the representation result of the Cauchy problem obtained in Theo-
rem 2.7, we have the following representation result for the Dirichlet problem.

Theorem 2.8. Let u be a C*—solution of the Dirichlet problem (2.12). Assume that
k is nonnegative, and

E[t}] < o0, x € RY, where T} = inf{t >0: X,O’x i’D}.
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Then, we have the representation

X rf) .
u(x) =E |:g(Xg;)X)e_f0D by /O F(X0%)e b k(X“’)det] .
Exercise 2.9. Provide a proof of Theorem 2.8 by imitating the arguments in the
proof of Theorem 2.7.

2.4 The Black—-Scholes Model

In this section, we provide a self-contained review of the standard theory of pricing
and hedging derivative securities in complete markets. In the context of a Markovian
model for the underlying assets, the solution is expressed in terms of a parabolic
PDE or, equivalently, a conditional expectation operator.

2.4.1 The Continuous-Time Financial Market

Let T be a finite horizon and (€2, F, P) be a complete probability space supporting a
Brownian motion W = {(W,!,..., W,?),0 < ¢ < T} with values in R?. We denote
by F = F¥ = {F;,0 <t < T} the canonical augmented filtration of W i.e., the
canonical filtration augmented by zero measure sets of Fr.

We consider a financial market consisting of d + 1 assets:

(i) The first asset S° is locally riskless, and is defined by

t
S? = exp(/ rudu), 0<r<T,
0

where {r,,t € [0, T]} is a non-negative adapted processes with fOT rydt < oo
a.s. and represents the instantaneous interest rate.

(i) The d remaining assets S',i = 1,...,d, are risky assets with price processes
defined by the dynamics
; d
ds/ ; i ;
S—; = pidt + Y o/ dW/ . 1 €[0.T],
t j=1

for 1 < i < d, where u,o0 are F—adapted processes with fOT |,u§|dt +

fOT |a,i‘j |’dt < oo foralli,j = 1,...,d. It is convenient to use the matrix
notations to represent the dynamics of the price vector S = (S',..., S%):
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dSt = Sl‘ * (/J[df + G[dm) , 1 € [0, T],

where, for two vectors x,y € R?, we denote x » y the vector of RY with
components (x x y); = x;y;,i = 1,...,d, and u, o are the R —vector with
components p'’s, and the Mg (d, d)—matrix with entries o'/ .

We assume that the Mg(d, d)—matrix o, is invertible for every ¢ € [0, T] a.s.,
and we introduce the process

A,[ = Ut_l (pL;—r,l), OSIE T,

called the risk premium process. Here 1 is the vector of ones in RY. We shall
frequently make use of the discounted processes

- S; ¢
S, = < = S;exp| — rdu
S; 0

Using the above matrix notations, the dynamics of the process S is given by

dS; = S * (e — r )t + 00 dW,) = 8, x 0, (A, dt +dW,).

2.4.2 Portfolio and Wealth Process

A portfolio strategy is an F—adapted process m = {m;,0 < ¢t < T} with values in
RY. Forl <i<nand0<t<T, 71; is the amount (in Euros) invested in the risky
asset S'.

We next recall the self-financing condition in the present framework. Let X
denote the portfolio value, or wealth, process at time ¢ induced by the portfolio
strategy 7. Then, the amount invested in the non-risky asset is X" — > /_, nl =
X — m; -1, and the dynamics of the wealth process is given by

b4 : T[i i
dx; =ZS—}dS, +

i=1

Xtﬂ_]ft‘l

0
S

Let X™ be the discounted wealth process

t
X' = Xt”exp(—/ rudu), 0<r<T.
0
Then, by an immediate application of It6’s formula, we see that

dX, = 7, -0, (A, dt +dW,), 0<1 <T, (2.13)
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where 77, ;== e~ Jo rudu ;. We still need to place further technical conditions on 7, at
least in order for the above wealth process to be well defined as a stochastic integral.

Before this, let us observe that, assuming that the risk premium process satisfies
the Novikov condition:

E [e% ./thﬁdz] < 0o,
it follows from the Girsanov theorem that the process

t
B, = W,+/ Adu, 0<t<T, (2.14)
0

is a Brownian motion under the equivalent probability measure

T 1 /7
Q:= Zr -Pon Fr where Zr := exp (—/ Ay - dW, — 5/ |AL,|2du) .
0 0

In terms of the @ Brownian motion B, the discounted price process satisfies
dS~[ = S~t *UtdBt, IS [0, T],

and the discounted wealth process induced by an initial capital X, and a portfolio
strategy 7 can be written in

t
Xr = Xo+/ fy-0,dB,, for0<t<T (2.15)
0

Definition 2.10. An admissible portfolio process 7 = {m;,t € [0,T]} is an
[F—progressively measurable process such that fOT lof7;|?dt < o0, a.s., and the cor-
responding discounted wealth process is bounded from below by a Q—martingale

Xt” >M", 0<t<T, forsomeQ—martingale M”.

The collection of all admissible portfolio processes will be denoted by .A.

The lower bound M ™, which may depend on the portfolio r, has the interpreta-
tion of a finite credit line imposed on the investor. This natural generalization of the
more usual constant credit line corresponds to the situation where the total credit
available to an investor is indexed by some financial holding, such as the physical
assets of the company or the personal home of the investor, used as collateral.
From the mathematical viewpoint, this condition is needed in order to exclude any
arbitrage opportunity and will be justified in the subsequent subsection.
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2.4.3 Admissible Portfolios and No-Arbitrage

We first define precisely the notion of no-arbitrage.

Definition 2.11. We say that the financial market contains no-arbitrage opportuni-
ties if for any admissible portfolio process 6 € A,

Xo=0and X} > 0P —as. implies X/ = 0P —a.s.

The purpose of this section is to show that the financial market described
above contains no-arbitrage opportunities. Our first observation is that, by the very
definition of the probability measure @, the discounted price process S satisfies:

the process {S‘t, 0<t< T} is a Q — local martingale. (2.16)

For this reason, Q is called a risk neutral measure, or an equivalent local martingale
measure, for the price process S.
We also observe that the discounted wealth process satisfies:

X7 is a Q—local martingale for every 7 € A, (2.17)

as a stochastic integral with respect to the Q—Brownian motion B.

Theorem 2.12. The continuous-time financial market described above contains no-
arbitrage opportunities, i.e., for every w € A

Xo=0and X7 > 0P —as. = X7 =0P—a.s.

Proof. For m € A, the discounted wealth process X7 is a Q—local martingale
bounded from below by a Q-—martingale. Then X7 is a Q-—super-martingale
(Exercise!). In particular, EQ [)Z 7 ] < )?0 = Xj. Recall that Q is equivalent to P
and SY is strictly positive. Then, this inequality shows that, whenever X7 = 0 and
X7 > 0 P—a.s. (or equivalently Q—a.s.), we have X2 =0 Q-—a.s. and therefore
X7 =0P-as. O

2.4.4 Super-Hedging and No-Arbitrage Bounds

Let G be an Fr—measurable random variable representing the payoff of a derivative
security with given maturity 7' > 0. The super hedging problem consists in finding
the minimal initial cost so as to be able to face the payment G without risk at the
maturity 7' of the contract:

V(G) :=inf{XoeR : X7 >GP—as.forsomen € A}.
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Remark 2.13. Notice that V(G) depends on the reference measure P only by means
of the corresponding null sets. Therefore, the super-hedging problem is not changed
if IP is replaced by any equivalent probability measure.

We now show that, under the no-arbitrage condition, the super hedging problem
provides no-arbitrage bounds on the market price of the derivative security.

Assume that the buyer of the contingent claim G has the same access to the
financial market than the seller. Then V(G) is the maximal amount that the buyer
of the contingent claim contract is willing to pay. Indeed, if the seller requires a
premium of V(G) + 2¢, for some ¢ > 0, then the buyer would not accept to pay this
amount as he can obtain at least G by trading on the financial market with initial
capital V(G) + &.

Now, since selling of the contingent claim G is the same as buying the contingent
claim —G, we deduce from the previous argument that

— V(—=G) < marketpriceof G < V(G). (2.18)

2.4.5 The No-Arbitrage Valuation Formula

We denote by p(G) the market price of a derivative security G.

Theorem 2.14. Let G be an Fr—measurable random variable representing the
payoff of a derivative security at the maturity T > 0, and recall the notation

G = Gexp (— fOT r,dt). Assume that E[|G|] < oo. Then, in the context of our

(complete) financial market:
p(G) = V(G) = E°[G].

Moreover; there exists a portfolio n* € A such that Xg* = p(G) and X}T* = G,
a.s., i.e., T* is a perfect replication strategy.

Proof. 1. We first prove that V(G) > EY [G] Let Xp and 7 € A be such that
X7 > G, as. or, equivalently, X 7 > G as. Notice that X™ is a Q— super-
martmgale as a Q—local martmgale bounded from below by a Q—martingale.
Then Xy = X, > ]EQ[X”] > ]EQ[G]

2. We next prove that V(G) < EQ[G]. Define the Q—martingale ¥, := EQ[G|F;]
and observe that F = [F5. Then, it follows from the martingale representation
theorem that Y, = Y, + fOT ¢; - dB; for some F—adapted process ¢ with

fOT |¢|>dt < oo a.s. Setting 7* := (07)~ !¢, we see that
T ~
n* e Aand Yo—}—/ a*.0,dB;, = GP—as.
0

which implies that Yy > V(G) and 7* is a perfect hedging strategy for G, starting
from the initial capital Y.
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3. From the previous steps, we have V(G) = E2[G]. Applying this result to —G,
we see that V(—G) = —V/(G), so that the no-arbitrage bounds (2.18) imply that
the no-arbitrage market price of G is given by V(G). O

2.4.6 PDE Characterization of the Black—Scholes Price

In this subsection, we specialize further the model to the case where the risky
securities price processes are Markovian diffusions defined by the stochastic
differential equations:

dS; = S; » (r(z, S)dr + o (1, S,)dB).

Here (¢,s) —> s % r(t,s) and (¢,s) —> s % o(t,s) are functions from Ry x
[0, 00)¢ to RY and S, successively satisfying the required continuity and Lipschitz
conditions. We also consider a Vanilla derivative security defined by the payoff

G = g(Sr),

where g : [0,00)Y — R is a measurable function with linear growth. By an
immediate extension of the results from the previous subsection, the no-arbitrage
price at time ¢ of this derivative security is given by

T T
V(Z, St) — EQ[e—f[ r(u,Su)dug(ST)|]:t] — EQ[e—f[ r(u,Su)dug(ST)lst]’

where the last equality follows from the Markovian property of the process S. Since
g has linear growth, it follows that V' has linear growth in s uniformly in 7. Since V
is defined by a conditional expectation, it is expected to satisfy the linear PDE:

1
—atv—rs*DV—ETr[(s*o)ZDzv] +rV =0. (2.19)

More precisely, if V € C 1'2(R+, Rd), then V is a classical solution of (2.19) and
satisfies the final condition V(T,.) = g. Conversely, if the PDE (2.19) combined
with the final condition v(7,.) = g has a classical solution v with linear growth,
then v coincides with the derivative security price V as stated by Theorem 2.7.



Chapter 3
Stochastic Control and Dynamic Programming

In this chapter, we assume that the filtration ' is the P—augmentation of the
canonical filtration of the Brownian motion W. This restriction is only needed
in order to simplify the presentation of the proof of the dynamic programming
principle. We will also denote by

S = [0,T) x RY where T € [0, co].

The set S is called the parabolic interior of the state space. We will denote by S =
cl(S) its closure, i.e., S = [0, T] x R? for finite 7 and S = S for T = oo.

3.1 Stochastic Control Problems in Standard Form

Control Processes. Given a subset U of R¥, we denote by U the set of all
progressively measurable processes v = {v;, t < T} valued in U. The elements
of U are called control processes.

Controlled process. Let
b (t.x,u) e SxU —> b(t,x,u) € R?
and
o : (t,x,u) e SxU — o(t,x,u) € Mg(n,d)
be two continuous functions satisfying the conditions
|b(t,x,u) —b(t,y,u)| + ot x,u) —o(t,y,u)| < K |x —y|, 3.1

b, x,w)| + |o(t, x,u)| < K (14 |x|+|u]) (3.2)

N. Touzi, Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE, 21
Fields Institute Monographs 29, DOI 10.1007/978-1-4614-4286-8_3,
© Springer Science+Business Media New York 2013
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for some constant K independent of (¢, x, y, u). For each control process v € U, we
consider the controlled stochastic differential equation:

dXt = b(t,Xt,Ut)dt +G(I,Xt,vt)du/l‘. (33)

If the above equation has a unique solution X, for a given initial data, then the
process X is called the controlled process, as its dynamics is driven by the action of
the control process v.

We shall be working with the following subclass of control processes:

Uy := U NH?, (3.4)

where H? is the collection of all progressively measurable processes with finite
L2(Q x [0, T))—norm. Then, for every finite maturity 7/ < T, it follows from
the above uniform Lipschitz condition on the coefficients b and o that

T/
E |:/ (Ibl + |a|2) (s, x, vs)ds:| <oo forallv el x € RY,
0

which guarantees the existence of a controlled process on the time interval [0, T']
for each given initial condition and control. The following result is an immediate
consequence of Theorem 2.2.

Theorem 3.1. Let v € Uy be a control process and & € 1>(P) be an
Fo—measurable random variable. Then, there exists a unique F—adapted process
XV satisfying (3.3) together with the initial condition X} = &. Moreover, for every
T > 0, there is a constant C > 0 such that

E[ sup |X;|2} < C(1 +E[|E[*]e"  forallt €[0,T). (3.5)
0<s<t

Gain Functional. Let
fik i [0,T)xRYxU — Randg : R — R
be given functions. We assume that fandk are continuous and ||k~ ||ec < o0 (i.e.,

max(—k, 0) is uniformly bounded). Moreover, we assume that f and g satisfy the
quadratic growth condition:

| £t x,w)] + |g(0)] < K(1+ |ul + [x]?),

for some constant K independent of (7, x,u). We define the gain function J on
[0, T] x R? x U by
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T
J(t.x.v) = E [ / BY(1.5) f(5. X uy)ds + B (1. T)g(X?X’V)1T<ooi| ,

when this expression is meaningful, where

BY(t,s) =¢e J} o X e

and {X S’ XV s > t}is the solution of (3.3) with control process v and initial condition
X/ = x.

Admissible Control Processes. In the finite horizon case T < oo, the quadratic
growth condition on f and g together with the bound on k™ ensure, that J(z, x, v)
is well defined for all control process v € U,. We then define the set of admissible
controls in this case by .

More attention is needed for the infinite horizon case. In particular, the discount
term k needs to play a role to ensure the finiteness of the integral. In this setting the
largest set of admissible control processes is given by

Uy = {v eU: E |:/ BY(t,5) (1 + XI5V + [vy))) dsi|
0
< oo for allx} when T = oo.

The Stochastic Control Problem. Consider the optimization problem

V(t,x) := sup J(t,x,v) for (z,x) €S.

VEU)

Our main concern is to describe the local behavior of the value function V
by means of the so-called dynamic programming equation, or Hamilton-Jacobi-
Bellman equation. We continue with some remarks.

Remark 3.2. (i) If V(t,x) = J(t,x, D, ), we call U, an optimal control for the
problem V' (¢, x).
(i) The following are some interesting subsets of controls :

— A process v € Uy which is adapted to the natural filtration FX of the
associated state process is called feedback control.

— A process v € Uy which can be written in the form vy = u(s, X;) for some
measurable map i from [0, 7] x R? into U, is called Markovian control,
notice that any Markovian control is a feedback control.

— The deterministic processes of U are called open loop controls.

(iii) Suppose that T < oo, and let (Y, Z) be the controlled processes defined by

dYy, = Z; f(s, Xy, vs)ds and dZ; = —Z k(s, Xy, vy)ds,
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and define the augmented state process X := (X, Y, Z). Then, the above value
function V' can be written in the form:

Vit,x) = 17(t,x,0, 1),
where X = (x, y, z) is some initial data for the augmented state process X,
V(t.%) = Ez[§(Xr)] and g(x.y.2) = y +gx)z.
Hence, the stochastic control problem V' can be reduced without loss of

generality to the case where f = k = 0. We shall appeal to this reduced form
whenever convenient for the exposition.

Consider the case T < oo. In view of the previous remark, we may assume
without loss of generality that f = k = 0. Consider the value function
V(t,x) = sup E[g(X;"")], (3.6)
vEU;

differing from V by the restriction of the control processes to
U, == {v € Uy : v independent of F;} . (3.7

Since U, C U, it is obvious that 1% < V. We claim that

V=Y, (3.8)

so that both problems are indeed equivalent. To see this, fix (¢, x) € Sand v €
Up. Then, v can be written as a measurable function of the canonical process
V((ws)o<s<t» (W5 — @ )r<s<1), Where, for fixed (wy)o<s</, the map V(wy)o<s<t -
(@5 — 0 )i=s=1 = V((@)oss=r, (O3 — @))=s=7) can be viewed as a control
independent on ;. Using the independence of the increments of the Brownian
motion, together with Fubini’s lemma, it thus follows that

Sy = [E [0 =) | dP(@necss)
S O )

By arbitrariness of v € U, this implies that 17(1, x) > V(t, x).
The extension of the previous remark to the infinite horizon case is also
immediate.
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3.2 The Dynamic Programming Principle

3.2.1 A Weak Dynamic Programming Principle

The dynamic programming principle is the main tool in the theory of stochastic
control. In these notes, we shall prove rigorously a weak version of the dynamic
programming which will be sufficient for the derivation of the dynamic program-
ming equation. We denote:

Vi(t,x) := liminf V(,x’) and V*(¢,x) := limsup V(',x),

(t x")—=(t,x) (' X)) = (t,x)

for all (¢,x) € S. The functions Vi and V* are called the lower and upper
semicontinuous envelope, respectively. Clearly they are finite whenever the function
V' is locally bounded. We also recall the subset of controls ¢/; introduced in (3.7)
above.

Theorem 3.3. Assume that V is locally bounded. Let (t,x) € S be fixed. Let
{6, v € U} be a family of finite stopping times independent of F; with values
in[t, T). Then:

0\1
V(t.x) = sup E[ Ut 5) (s, X7 vo)ds + B, e“)v*(ev,xé’:"”)] .
t

VEU;

Assume further that g is lower semicontinuous and X' 1y gv) is L°° —bounded for
allv € U;. Then

91)
V(t.x) =z sup E [ BY(t.8) f(s, X;™" vg)ds + BV (2, 0") V(6" Xé:"”)} :
VEU, t
We shall provide an intuitive justification of this result after the following
comments. A rigorous proof is reported in Sect. 3.2.2.

Remark. The possible dependence of 6 on the central v allows for more flexible
choices of the stopping times and will be essential for our localization arguments in
the rest of these lectures. In particular, the boundedness condition of X, I gv] will
be automatically satisfied by localization. '

Remark. (i) If V is continuous, then V' = V, = V*, and the above weak dynamic
programming principle reduces to the classical dynamic programming principle:

0
V(t,x) = sup E; |:/ B(t,s) f(s, Xs,v5)ds + B(t, 9)V(9,X0):| . 3.9
veu t
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In the discrete-time framework, the dynamic programming principle (3.9) can
be stated as follows :

V(t,x) = sup Eo [ f(t, X u) + e T Xm0y 41X, 40)].
uclU

Observe that the supremum is now taken over the subset U of the finite dimen-
sional space R¥. Hence, the dynamic programming principle allows to reduce
the initial maximization problem, over the subset I/ of the infinite dimensional
set of R¥—valued processes, into a finite dimensional maximization problem.
However, we are still facing an infinite dimensional problem since the dynamic
programming principle relates the value function at time # to the value function
attime r + 1.

In the context of the above discrete-time framework with finite horizon
T < oo, notice that the dynamic programming principle suggests the following
backward algorithm to compute V' as well as the associated optimal strategy
(when it exists). Since V(T, ) = g is known, the above dynamic programming
principle can be applied recursively in order to deduce the value function
V(t, x) for every ¢.

In the continuous time setting, there is no obvious counterpart to the above
backward algorithm. But, as the stopping time 6 approaches ¢, the above
dynamic programming principle implies a special local behavior for the value
function V. When V is known to be smooth, this will be obtained by means of
1td’s formula.

It is usually very difficult to determine a priori the regularity of V. The
situation is even worse since there are many counter-examples showing that
the value function V' can not be expected to be smooth in general; see Sect. 3.4.
This problem is solved by appealing to the notion of viscosity solutions, which
provides a weak local characterization of the value function V', and leads
to the so-called dynamic programming equation or Hamilton-Jacobi-Bellman
equation.

Once the local behavior of the value function is characterized, we are faced to
the important uniqueness issue, which implies that V' is completely character-
ized by its local behavior together with some convenient boundary condition.

Intuitive Justification of (3.9). Let us assume that V' is continuous. In particular,
V is measurable and V = Vi = V*. Let V (¢, x) denote the right-hand side of (3.9).

By the tower property of the conditional expectation operator, it is easily
checked that

)
J(t,x,v) = E; |:/ B(t,s)f(s, Xy, v5)ds + B(t,0)J (0, Xg, v):| .

Since J(0, Xg,v) < V(0, Xy), this proves that V < V. To prove the reverse
inequality, let 4 € U and ¢ > O be fixed, and consider an e—optimal control v*
for the problem V(6, Xy), i.e.,
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J(0, Xg,v%) = V(0, Xg) —e.

Clearly, one can choose v® = u on the stochastic interval [¢, 8]. Then

9
Vi(t,x) > J(t,x,v°%) = E; |:/ B(t,s)f(s, Xs, us)ds + B(¢,60)J (0, X@,US):|

0
> E/x [/ B(t.s5) f(s. X, ps)ds + Bz, 9)V(9,Xe)} —e B [B(.0)].

This provides the required inequality by the arbitrarinessof u € f ande > 0. O
Exercise. Where is the gap in the above sketch of the proof ?

Answer: The existence of the above control process v° is not obvious because of
crucial measurability problems!

3.2.2 Dynamic Programming Without Measurable Selection

In this section, we provide a rigorous proof of Theorem 3.3. Notice that, we have no
information on whether V' is measurable or not. Because of this, the right-hand side
of the classical dynamic programming principle (3.9) is not even known to be well
defined.

The formulation of Theorem 3.3 avoids this measurability problem since Vi and
V* are lower and upper semicontinuous, respectively, and therefore measurable. In
addition, it allows to avoid the typically heavy technicalities related to measurable
selection arguments needed for the proof of the classical dynamic programming
principle (3.9) after a convenient relaxation of the control problem see, e.g., El
Karoui and Jeanblanc [16].

Proof of Theorem 3.3. For simplicity, we consider the finite horizon case T < oo,
so that, without loss of generality, we assume f = k = 0; see Remark 3.2 (iii). The
extension to the infinite horizon framework is immediate.

1. Let v € U; be arbitrary and set 6 := 6". Then
Elg (X7™) 1Fo] (@) = J(O(w). X5 (@): o),
where v, is obtained from v by freezing its trajectory up to the stopping time 6.

Since, by definition, J(6(w), X;*" (®): 1,) < V*(0(w), X;™" (»)), it follows
from the tower property of conditional expectations that

E[g (X7™)] = E[E[g (X7™) 1Fe]] = E[V™ (6. X5™")],

which provides the second inequality of Theorem 3.3 by the arbitrariness of
[UNS Z/[t.
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2. Let e > 0 be given, and consider an arbitrary function

(a)

(b)

¢ : S —> R such that ¢ upper semicontinuous and V' > ¢.

There is a family (v(s'y)’g)(s,y)es C Uy such that:
v e tfoand J(s, y; vE€) > V(s,y) —e, forevery(s, y) € S.
(3.10)

Since g is lower semicontinuous and has quadratic growth, it follows
from Theorem 3.1 that the function (¢, x’) +— J(t/,x";v®)#) is lower
semicontinuous, for fixed (s, y) € S. Together with the upper semicontinuity
of @, this implies that we may find a family (r(,)))(s,y)es of positive scalars
so that, for any (s, y) € S,

@(s,y) —@(t', x") = —g and J(s, y; vE) — J(1', x";0E€) < g
for (t',x") € B(s, y;ri.y)), (3.11)

where, for r > 0 and (s, y) € S,
B(s.y:r) :={(".x)eS : ' e(s—rs), |x'—yl<r}. (3.12)

Note that we do not use here balls of the usual form B, (s, y). The fact
that ¢/ < s for (¢/,x’) € B(s, y;r) will play an important role in Step 3.
Clearly, {B(s,y;r) 2 (5,y) €S, 0<r < r(s,y)} forms an open covering
of [0,T) x R4, Tt then follows from the Lindel6f covering theorem, see,
e.g., [15] Theorem 6.3 Chap. VIII, that we can find a countable sequence
(t;,xi,1i)i>1 of elements of S x R, with 0 < r; < r(; ) foralli > 1, such
that S C {T} x R4 U (Uis1B(ti, x;;ri)). Set Ag := {T} x Rd, c_ =90,
and define the sequence

Ai+1 = B(l,’+1,xi+1;r,’+1) \ Ci where C,' =C1 U A,’, i > 0.

With this construction, it follows from (3.10) (3.11), together with the fact
that V' > ¢, that the countable family (4;);>¢ satisfies

(0, Xy"") € Uisod; P—as., 4;NA; =0 fori # j €N,
and J(;v'*) > 9 —3son A; fori > 1, (3.13)

where v ;= p{i¥i)e forj > 1.
We now prove the first inequality in Theorem 3.3. We fix v € U/, and 6 €
7;1]. Set A" := Up<i<nAi, n > 1. Given v € U;, we define for s € [¢, T]:

i = 1ig) (9)vs + a1y (5) (Vsl(A")" (0. X5™") + D 14,(6. ng’“)v;'ﬁ).

i=1
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Notice that {(6, X;*") € A;} € F}, and therefore v*" € U,. By the
definition of the neighborhood (3.12), notice that § = 6 At; < ¢ on
{0, X/, (0)) € A;}. Then, it follows from (3.13) that:

e (55 2] 0.6 = ¥ (15 10,66

n
+ Y T X v, (0. X5)
i=1

2 (0. X5 = 3e) 1y, (6. X5™)

i=0

= (p(0. X5™") = 3e) 140 (0. X)),

v

which, by definition of V' and the tower property of conditional expectations,
implies

V(t,x) = J(t,x,v"")
=E [E[g (XrT,x,us-n) |f9]]
> E[(¢ (6. X5) = 3¢) 1Lar (6, X1°)]
+E [ (X5) 1ome (6. X5)].

Since g (X ?"’”) e L', it follows from the dominated convergence theorem
that:

V(t,x) > =3¢ 4+ liminfE [go(@, Xé'x’”)lAn (9’ Xé,x,v)]
n—>oo
= 3+ lim E[o(0.X,") Lo (0.X))]
- Jim o0, X5 L (0.5
= 3¢ + E [(p(e’ Xé,x,\}):l i

where the last equality follows from the left-hand side of (3.13) and
from the monotone convergence theorem, due to the fact that either
E[e0. X;"") ] < oo or E[g(0. X;"")"] < oo. By the arbitrariness
of v € U; and ¢ > 0, this shows that

V(t.x) = sup E [p(6, X;™")]. (3.14)
vEU;

3. It remains to deduce the first inequality of Theorem 3.3 from (3.14). Fix r > 0. It
follows from standard arguments, see, e.g., Lemma 3.5 in [34], that we can find a
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sequence of continuous functions (¢, ), such that ¢, < Vi, < V foralln > 1 and
such that ¢, converges pointwise to Vi on [0, T x B,(0). Set ¢ := min,>y ¢y,
for N > 1 and observe that the sequence (¢ ) v is non-decreasing and converges
pointwise to Vi on [0, 7] x B,(0). By (3.14) and the monotone convergence
theorem, we then obtain

Vit.x) = lim E[py (0", X/, (0")] = E[Vi(6". X,(6")]. O

3.3 The Dynamic Programming Equation

The dynamic programming equation is the infinitesimal counterpart of the dynamic
programming principle. It is also widely called the Hamilton-Jacobi-Bellman
equation. In this section, we shall derive it under strong smoothness assumptions
on the value function. Let S; be the set of all d x d symmetric matrices with real
coefficients, and define the map H : S x R x RY x S, by

H(t,x,r,p,y)

1
= sup { —k(t, x,u)r +b(t,x,u)-p+ ETr[crch(t,x,u))/] + f(t,x,u);.

uelU

We also need to introduce the linear second-order operator £* associated to the
controlled process {8"(0, )X/, t > 0} controlled by the constant control process u:

LYo(t, x) = —k(t,x,u)e(t,x) + b(t,x,u) - Do(t, x)

1
—i—ETr [o0"(t,x,u)D*p(t. x)],

where D and D? denote the gradient and the Hessian operators with respect to the
x variable. With this notation, we have by It6’s formula

B0, 5)¢p(s, XJ) — B"(0,0De(t, X;') = / B"(0,7) (3 + L) (r, X, )dr
+ /S,BV(O,r)Dfp(r, X)) -o(r, X, v,)dW,

for every s > t and smooth function ¢ € C '2([t, s], R?) and each admissible control
process v € Up.

Proposition 3.4. Assume the value function V. € C'2([0,T),R?), and let the
coefficients k(-,-,u) and f(-,-,u) be continuous in (t,x) for all fixed u € U
and k bounded from below. Then, V is a classical supersolution of the dynamic
programming equation, i.e. for all (¢, x) € S,
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— 3, V(t,x)— H (t,x,V(t,x), DV(1,x), D’V (1, x)) > 0. (3.15)

Proof. Let (t,x) € S and u € U be fixed, and consider the constant control process
v = u, together with the associated state process X with initial data X; = x. For all
h > 0, define the stopping time:

Op =inf{s >t : (s—1t,X;—x) €[0,h) xaB},

where a > 0 is some given constant, and B denotes the unit_ball of R¥. Notice that
Oy —> t,P—a.s. whenh \(0,and 0, =t +h < T for h < h(w) sufficiently small.

1. From the first inequality of the dynamic programming principle, together with
the continuity of V/, it follows that

On

0=<E/« [ﬁ”(O,t)V(f,x) — BY0.6)V (6. Xo,) — | B“(0.1) f (. Xr,u)dr}

t

O
= —E |: B0, )0,V + LV 4+ f)(r, X,,u)dr:|

O
—E |: B“(0,r)DV(r,X,)-o(r, X,, u)dWr:| :
t

the last equality follows from It6’s formula and uses the crucial smoothness
assumption on V.

2. Observe that (0, 7)DV(r, X,) - o (r, X,, u) is bounded on the stochastic interval
[t, 0,]. Therefore, the second expectation on the right hand-side of the last
inequality vanishes, and we obtain:

9/1
—E [% B O, r)0;V + LV + f)(r, X, u)dr:| >0
t

We now send & to zero. The a.s. convergence of the random value inside the
expectation is easily obtained by the mean value theorem; recall that 8, = h
for sufficiently small 4 > 0. Since the random variable 4! fteh B0, r)(LV +
f)(r, X, u)dr is essentially bounded, uniformly in £, on the stochastic interval
[, O], it follows from the dominated convergence theorem that

=0, V(t,x)— L"V(t,x)— f(t,x,u) > 0.
By the arbitrariness of u € U, this provides the required claim. O

We next wish to show that V' satisfies the nonlinear partial differential equa-
tion (3.15) with equality. This is a more technical result which can be proved by
different methods. We shall report a proof, based on a contradiction argument, which
provides more intuition on this result, although it might be slightly longer than the
usual proof reported in standard textbooks.
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Proposition 3.5. Assume V € C'“2([0,T),R?) and H(.,V.DV,D?*V) < ooc.
Assume further that k is bounded and the function H is upper semicontinuous.
Then, V is a classical subsolution of the dynamic programming equation, i.e. for all
(t,x) €S

—9,V(t.x)— H (t.x,V(t,x), DV(t,x), D*V(t,x)) < 0. (3.16)

Proof. Let (o, xo) € [0, T) x R? be fixed, assume to the contrary that
3,V (t0. x0) + H (to. X0, V(t0, X0), DV (to, x0). D*V(to, x0)) <0, (3.17)
and let us work towards a contradiction.
1. For a given parameter ¢ > 0, define the smooth function ¢ > V by
o(t,x) = V(t,x) + e (|t — to]* + |x — x0[*) .
Then
(V= ¢)(to, x0) =0, (DV — Dg)(to. x0) =0, (3;V —d;¢)(t0, x0) = O,
and (D2V — D?p)(to, xo) = 0,
and it follows from the continuity of H and (3.17) that:
h(t,x) := (3¢ + H(, ¢, Do, D*¢))(t,x) <0 for (,x) € N, (3.18)

for some sufficiently small parameter r > 0, where N, := (to — r,to + r) x
rB(xp) C [-r,T] x R", and B(xy) is the open unit ball centered at xy.
2. From the definition of ¢, we have

—n= V- 0. 3.19
n gljavfi( ®) < (3.19)

For an arbitrary control process v € U;,, we define the stopping time

fv = inf{t > 1o - (t, Xtto’xo’v) ¢-/\/;}7

10,X0,V

and we observe that (9”, X5™") € 9N, by the pathwise continuity of the
controlled process. Then, it follows from (3.19) that

P(6”, X2 = n+ V(0" Xp"). (3.20)
3. For notation simplicity, we set B; := B"(to,s). Since f; = 1, it follows

from 1t6’s formula together with the boundedness of 8 (implied by the lower
boundedness of k) that:
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V1o, x0) = ¢(t0, X0)

0\)
— E[,B;vgo(@”, Xéov,xo,v) _/ '3;1 (at 4 E\JA)@(S’ X;()’X[)'U)ds:l

to

0\)

= BB (6" Xp) + [ B (£ =) (s Xl )as]
fo

by the definition of /. Since (s, X0-*V) € A, on [, 8"), it follows from (3.18)

and (3.20) that

0\)
Vito.x0) = 1E[B}] + B [ B (5. X100 ) ds + BV (6, X;%*”’”)}

to

9]1
> eIl 4 E[ BYf (5. X050 vg) ds + BV (6" Xg)} :

fo

Since 1 > 0 does not depend on v, it follows from the arbitrariness of v € U,
and the continuity of V' that the last inequality is in contradiction with the second
inequality of the dynamic programming principle of Theorem 3.3. O

As a consequence of Propositions 3.4 and 3.5, we have the main result of this
section:

Theorem 3.6. Let the conditions of Propositions 3.5 and 3.4 hold. Then, the value
function V solves the Hamilton-Jacobi-Bellman equation

— 8,V —H(.V.DV,D*V) = OonS. (3.21)

3.4 On the Regularity of the Value Function

The purpose of this paragraph is to show that the value function should not be
expected to be smooth in general. We start by proving the continuity of the value
function under strong conditions; in particular, we require the set U in which
the controls take values to be bounded. We then give a simple example in the
deterministic framework where the value function is not smooth. Since it is well
known that stochastic problems are “more regular” than deterministic ones, we also
give an example of stochastic control problem whose value function is not smooth.

3.4.1 Continuity of the Value Function for Bounded Controls

For simplicity, we reduce the stochastic control problem to the case f = k = 0,
see Remark 3.2iii). We will also concentrate on the finite horizon case T < oo.



34 3 Stochastic Control and Dynamic Programming

The corresponding results in the infinite horizon case can be obtained by similar
arguments. Our main concern, in this section, is to show the standard argument for
proving the continuity of the value function. Therefore, the following results assume
strong conditions on the coefficients of the model in order to simplify the proofs. We
first start by examining the value function V (¢, -) for fixed ¢ € [0, T'.

Proposition3.7. Let f = k = 0, T < oo, and assume that g is Lipschitz
continuous. Then

(1) V is Lipschitz in x, uniformly in t.
(i) Assume further that U is bounded. Then V is %—Hdlder continuous in t, and
there is a constant C > 0 such that

V(t,x) = V(' x)| < CA+ x|t —1']; 1.0/ €[0,T], x e RY.

Proof. (i) For x,x’ € R? and ¢ € [0, T'), we first estimate that

V(e x) = V(x| = sup Eg (x7°) — g (x5)
vEU
< Const sup E ‘X},x,v . X},x/’v

VEU)

< Const |x — x/[,

where we used the Lipschitz continuity of g together with the flow estimates
of Theorem 2.4, and the fact that the coefficients b and o are Lipschitz in x
uniformly in (¢, u). This completes the proof of the Lipschitz property of the
value function V.

(i1) To prove the Holder continuity in ¢, we shall use the dynamic programming
principle.

(1) We first make the following important observation. A careful review of
the proof of Theorem 3.3 reveals that, whenever the stopping times 6"
are constant (i.e., deterministic), the dynamic programming principle holds
true with the semicontinuous envelopes taken only with respect to the
x—variable. Since V' was shown to be continuous in the first part of this
proof, we deduce that

V(t,x) = sup E[V (', X5)] (3.22)

VEU)

forallx e R4t <t €[0,T].
(2) Fixx € R, t < t’ € [0, T]. By the dynamic programming principle (3.22),
we have
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[V(t,x) = V(' x)| = |sup E[V (/. X*")] = V(. x)

vEU)

IA

sup E|V (/. X)) = V(' x)|.

vEUH

By the Lipschitz continuity of V(s,-) established in the first part of this
proof, we see that

|V(t,x) = V(t',x)| < Const sup E|X/"" —x]|. (3.23)

VEU)

We shall now prove that

supE | X/ — x| < Const (1 + |x|)|t —1'|'/, (3.24)
veu

which provides the required (1/2)—Ho6lder continuity in view of (3.23).
By definition of the process X, and assuming ¢ < t’, we have

2

/

t t
Blxp = = 2| [ b+ [ o, 00w,
i t

f/
< Const E |:/ |h(r, X\, v,)|? dr:|
t

where h := [b> + 0?]"/2. Since h is Lipschitz continuous in (¢, x, u) and
has quadratic growth in x and u, this provides

t/
E|X5*" —x|* < Const ([ (14 [x? + v, [P)dr

t/
+/ E|X,f’x’”—x|2dr).
t

Since the control process v is uniformly bounded, we obtain by the
Gronwall lemma the estimate:

E| X5 —x|* < Const (1 + |x])|¢’ 1], (3.25)

where the constant does not depend on the control v. O

Remark 3.8. When f and/or k are non-zero, the conditions required on f and k in
order to obtain the (1/2)—Holder continuity of the value function can be deduced
from the reduction of Remark 3.2(iii).
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Remark 3.9. Further regularity results can be proved for the value function under
convenient conditions. Typically, one can prove that £*V exists in the generalized
sense, for all u € U. This implies immediately that the result of Proposition 3.5
holds in the generalized sense. More technicalities are needed in order to derive the
result of Proposition 3.4 in the generalized sense. We refer to [20], Sect. IV.10, for
a discussion of this issue and to Krylov [27] for the technical proofs.

3.4.2 A Deterministic Control Problem with Non-smooth
Value Function

Leto =0, b(x,u) = u, U = [-1,1],and n = 1. The controlled state is then
the one-dimensional deterministic process defined by

s
X, = X,—}—/ vdt forO0<t<s<T.
t

Consider the deterministic control problem

V(t,x) := sup (X7)>.
veU

The dynamic programming equation corresponding to this problem is:
The value function of this problem is easily seen to be given by

(x + T —1)* for x > 0 with optimal control &t = 1,

V(t,x) = . . N
t.x) (x =T +1)> forx <0 with optimal control &t = —1.

This function is continuous. However, a direct computation shows that it is not
differentiable at x = 0.

3.4.3 A Stochastic Control Problem with Non-smooth
Value Function

Let U = R and the controlled process X" be the scalar process defined by the
dynamics:

dX) = v,dW,,
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where W is a scalar Brownian motion. Then, for any v € U, the process X" is a
martingale. Let g be a function defined on R with linear growth |g(x)| < C(1+|x|)
for some constant C > 0. Then g(X7) is integrable for all 7 > 0. Consider the
stochastic control problem

V(t,x) = sup B, [g(X7)].

vEU)

Let us assume that V' is smooth, and work towards a contradiction.

1. If V is C"%([0,T),R), then it follows from Proposition 3.4 that V is a
supersolution of the dynamic programming equation:

1
-3,V — EuzDZV >0 forallu € R,

and all (7, x) € [0, T) x R. By sending u to infinity, it follows that
V(t,-) is concave for all t € [0, T). (3.20)
2. Notice that V(t,x) > E, « [g(X})] = g(x). Then, it follows from (3.26) that:
V(t,x) = g®“(x) forall (t,x) €[0,T) xR, (3.27)

where g®" denotes the concave envelope of g, i.e., the smallest concave
majorant of g. If g« = oo, this already proves that V' = co. We then continue
in the case that g < oo.

3. Since g < g™, we see that

V(t,x) := sup E,, [g(X%)] < sup E;, [gconc(X;)]. < g“"(x),

vEU) VEU)

where the last equality follows from the Jensen inequality together with the
martingale property of the controlled process X". In view of (3.27), we have
then proved that

V e C'*([0,T),R)

= V(t,x) = g*"(x) forall(t,x)€[0,T)xR.

Now recall that this implication holds for any arbitrary function g with linear
growth. We then obtain a contradiction whenever the function g°°™ is not C2(R).
Hence,

go & CXR)=V ¢ C'"2([0,T),R?).



Chapter 4
Optimal Stopping and Dynamic Programming

As in the previous chapter, we assume here that the filtration I is defined as the
P—augmentation of the canonical filtration of the Brownian motion W defined on
the probability space (2, F, P).

Our objective is to derive similar results, as those obtained in the previous
chapter for standard stochastic control problems, in the context of optimal stopping
problems. We will then first start with the formulation of optimal stopping problems,
then the corresponding dynamic programming principle, and dynamic programming
equation.

4.1 Optimal Stopping Problems

For 0 <t < T < oo, we denote by 7, ] the collection of all F—stopping times
with values in [¢, T']. We also recall the notation S := [0, T') x R" for the parabolic
state space of the underlying state process X defined by the stochastic differential
equation:

dX, = b(t, X,)dt + o(t, X,)dW,, 4.1)

where b and o are defined on S and take values in R” and S,, respectively. We
assume that b and o satisfy the usual Lipschitz and linear growth conditions so that
the above SDE has a unique strong solution satisfying the integrability proved in
Theorem 2.2.

The infinitesimal generator of the Markovian diffusion process X is denoted by

Ap :=b-Dg + %Tr [c0™D?p].

N. Touzi, Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE, 39
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Let g be a continuous function from R” to R and assume that

IE|: sup |g(X,f)|:| < 00. 4.2)
0<t<T

For instance, if g has linear growth, the previous integrability condition is automat-
ically satisfied. Under this condition, the criterion

J(t,x,7):=E[g (XY)] (4.3)

is well defined for all (¢, x) € S and © € T, 7). Here, X" denotes the unique strong
solution of (4.1) with initial condition X, ,f Y= x.
The optimal stopping problem is now defined by:

V(t,x):= sup J(t,x,t) forall (t,x) €S. 4.4)
‘L'E'T[LT]

A stopping time T € T, 7 is called an optimal stopping rule if V (¢, x) = J(¢, x, 7).
The set

S:={t,x): V(t,x) =gx)} 4.5)

is called the stopping region and is of particular interest: whenever the state is
in this region, it is optimal to stop immediately. Its complement S¢ is called the
continuation region.

Remark 4.1. As in the previous chapter we could have allowed for the infinite
horizon T < o0, and we could have considered the apparently more general
criterion

V(t,x):= sup E [/T B(t.s) f(s, X,)ds + B(t,7)g (X) 1t<oo:| ,

IE'T[,.T]
with
B(t,s) = e~ J k6X0ds for () <tr<s<T

In the finite horizon case, this problem may be reduce to the context of (4.4) by
introducing the additional states

t
Y, =Y +/ ,Bsf(&Xs)dsa
0

t
Z, = Zo +/ Zk(s, X;)ds.
0

Also, the methodology which will be developed for the problem (4.4) naturally
extends to the infinite horizon case.
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Remark 4.2. Consider the subset of stopping rules:
Tir = {r € Ti.ry © 7 independent of 7} . (4.6)

By a similar argument as in Remark 3.2iv), we can see that the maximization in the
optimal stopping problem (4.4) can be restricted to this subset, i.e.,

V(t,x):= sup J(t,x,r) forall (¢,x) €8S. 4.7)
reT[;ﬂ

4.2 The Dynamic Programming Principle

The proof of the dynamic programming principle for optimal stopping problems is
easier than in the context of stochastic control problems of the previous chapter. The
reader may consult the excellent exposition in the book of Karatzas and Shreve [24],
Appendix D, where the following dynamic programming principle is proved:

V(t,x) = sup E[lgpcayg(XY) + Lesay V(0. X5)], (4.8)

1:€7’[t"7-]

for all (#,x) € S and v € T} 7. In particular, the proof in the previous reference
does not require any heavy measurable selection, and is essentially based on the
supermartingale nature of the so-called Snell envelope process. Moreover, we
observe that it does not require any Markovian property of the underlying state
process.

We report here a different proof in the spirit of the weak dynamic program-
ming principle for stochastic control problems proved in the previous chapter.
The subsequent argument is specific to our Markovian framework and, in this
sense, is weaker than the classical dynamic programming principle. However, the
combination of the arguments of this chapter with those of the previous chapter
allows to derive a dynamic programming principle for mixed stochastic control and
stopping problems.

The following claim will make use of the subset Tt’ P introduced in (4.6), of all
stopping times in 7,71 which are independent of ;, and the notations:

Vi(t,x):= liminf V(¢',x’) and V*(t,x) := limsup V(¢',x’),

(t".x")—>(t,x) (t’,x")—>(t,x)
forall (¢, x) € S. We recall that V and V* are the lower-and upper-semicontinuous
envelopes of V, and that Vi, = V* = V whenever V is continuous.

Theorem 4.3. Assume that V is locally bounded. For (t,x) € S, let 0 € 7{,’]] be a
stopping time such that Xé’x is L°°(P)— bounded. Then
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V(t,x) < sup E [1{t<9}g(X£’x) + 1{-[29}[/*(0, X(SV)] , 4.9)
€T

V(t.x) = sup E[Llpcppg(X5) 4 Lisay Va6, X)) . (4.10)
1'67’[;‘7-]

Proof. Inequality (4.9) follows immediately from the tower property and the fact
that J < V'™,
We next prove inequality (4.10) with Vi replaced by an arbitrary function

¢ : S —> R such that ¢ is upper-semicontinuous and V > ¢,

which implies (4.10) by the same argument as in Step 3 of the proof of Theorem 3.3.
Arguing as in Step 2 of the proof of Theorem 3.3, we first observe that, for every

& > 0, we can find a countable family A; C (t; —ri, t;] x A; C S, together with a

sequence of stopping times ¢ in Ty ;. i > 1, satisfying Ay = {T} x R and

Uizoff,- =S, A4; ﬂ/fj =@ fori # j €N, J_(-;ri’g)zw—SeonA,- fori > 1.
4.11)

Set A" = Uisn/[i, n > 1. Given two stopping times 0,7 € ﬁ;’ﬂ, it is easily
checked that

n
e = 14 FESTIIE S VRS (Tl(/;n)c (9, X(SV) + Z ‘L'i’glgi (9, Xéx))
i=1

defines a stopping time in 7{;1]. We then deduce from the tower property and (4.11)
that

Vt,x) > J(t, x; ")
> E g (X7™) Lay + Lisay (006, X5™) — 3¢) 150, X ]

By sending n — oo and arguing as in the end of Step 2 of the proof of Theorem 3.3,
we deduce that

17(1‘7 X) = E [g (XiV) 1{t<9} + I{IZO}(p(@v Xéx)] — 3¢,

and the result follows from the arbitrariness of ¢ > O and 7 € 7{;1]. O

Remark 4.4. In the context of the optimal stopping V' introduced in Remark 4.1,
denoting BY:= B(¢,s), the dynamic programming principle of Theorem 4.3
translates to
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oONT
V(t.x) < sup E{ ﬂff(Sath’x)dS+5;9M(1r<6g(xi’x)+1r2617*(9,Xé’x)):|7
r€7'[;ﬂ t

ONT
V(%)= sup E[ ﬂff(s,X;’X)ds+ﬂ?”(1f<9g(xm+129V*<9,Xm)],
t

rE'T[;.T]

and suitable conditions inherited from the reduction of Remark 4.1. In this setting,
the derivation of the dynamic programming equation, in the subsequent sections,
involves the linear second order differential operator

1
Lo :=—ko+ Ap =—kgo+b-Dg+ ETr[aaTquJ]. 4.12)

4.3 The Dynamic Programming Equation

In this section, we explore the infinitesimal counterpart of the dynamic program-
ming principle of Theorem 4.3, when the value function V is a priori known to
be smooth. The smoothness that will be required in this chapter must be so that
1t6’s formula applies to V. In particular, V' is continuous, and the dynamic pro-
gramming principle of Theorem 4.3 reduces to the classical dynamic programming
principle (4.8).

Loosely speaking, the following dynamic programming equation says the fol-
lowing:

e In the stopping region S defined in (4.5), continuation is sub-optimal, and
therefore the linear PDE must hold with inequality in such a way that the value
function is a submartingale.

e In the continuation region S¢, it is optimal to delay the stopping decision after
some small moment, and therefore the value function must solve a linear PDE as
in Chap. 2.

Theorem 4.5. Assume that V. € C'?([0,T),R"), and let g : R" — R be
continuous. Then V solves the obstacle problem:

min{—(d + AV, V—g} = OonS. (4.13)

Proof. We organize the proof into two steps.

1. We first show the classical subsolution property:

min {—(d;, + A)V, V —g} > OonS. (4.14)
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The inequality V' — g > 0 is obvious as the constant stopping rule t = ¢ € T, 7
is admissible. Next, for (¢, xo) € S, consider the stopping times

Op = inf{t > 10 : (¢, X,"™) & [to.10 + h] x B} ,h > 0,

where B is the unit ball of R” centered at xo. Then 6, € 7{;1) for sufficiently
small /2, and it follows from (4.10) and the continuity of V' that

V(to, x0) > E [V (9/1, Xgh)] .
We next apply 1t6’s formula, and observe that the expected value of the diffusion

term vanishes because (¢, X;) lies in the compact subset [ty,fy + h] x B for
t e [lo, 9},] Then

—1 [
E [7/ 0, + AV, X,’O’“"")dt] > 0.
to

Clearly, there exists ﬁw > 0, dependingon w, 8, = hforh < };w Then, it follows
from the mean value theorem that the expression inside the expectation converges
P—a.s. to —(d, + A)V (%, x0), and we conclude by dominated convergence that
—(9: + AV (1. x0) = 0.

. In order to complete the proof, we use a contradiction argument, assuming that
V(to, x0) > g(to, x0) and — (9, + A)V (29, xo) > 0 at some (fy, x9) € S (4.15)
and we work towards a contradiction of (4.9). Introduce the function

o(t,x) := V(t,x) + e(|x — xo|* + |t —10?) for (¢, x) €8.

Then, it follows from (4.15) that for a sufficiently small ¢ > 0, we may find
h > 0 and § > 0 such that

V>g+8and — (0, + Ao > 0on N, := [fo.to + h] x hB. (4.16)

Moreover,

—y = V—¢) < 0. 4.17
14 I%(( ®) 4.17)
Next, let
0 :=inf{r >1: (t.X/") & Ni}.

For an arbitrary stopping rule 7 € 7};‘1], we compute by Itd’s formula that
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E[V (t A0, Xcno) — V(to, x0)] = E[(V — ) (t A0, Xcno)]
+E[p (t A0, Xcn0) — @(t0, X0)]
=E[(V—-0)(t A0, X r0)]

A0
+E |:/ 0, + A)olt, Xfo’xo)dt:| ,

fo

where the diffusion term has zero expectation because the process (¢, X/°) is
confined to the compact subset N}, on the stochastic interval [fy, T A 6]. Since
—(9; + A)p > 0 on N, by (4.16), this provides
E[V (A0, Xcne) = V(to, xo)] = E[(V —¢) (t A0, Xepo)]
< —yP[r = 0],

by (4.17). Then, since V > g + § on N}, by (4.16)

V(to, x0) = yPlr = 0] + E[(g(X2) + 8) Lreay + V (6. X)) 1503
> (Y A8 +E[g(XO) gy + V (0, X)) Liosay] -

By the arbitrariness of T € 7{;1] and the continuity of V/, this provides the desired
contradiction of (4.9). ]

Remark 4.6. In the context of the optimal stopping V introduced in Remark 4.1,
we may derive the dynamic programming equation as the infinitesimal counterpart
of the dynamic programming principle of Remark 4.4. Following the same line of
argument as in the previous proof, it follows that for VecC L2([0, T),R™), the
dynamic programming equation is given by the obstacle problem:

min{—0,V — LV — f,V —g} =0o0n8S. (4.18)

4.4 Regularity of the Value Function

4.4.1 Finite Horizon Optimal Stopping

In this subsection, we consider the case T < oo. Similar to the continuity result of
Proposition 3.7 for the stochastic control framework, the following continuity result
is obtained as a consequence of the flow continuity of Theorem 2.4 together with
the dynamic programming principle.
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Proposition 4.7. Assume g is Lipschitz continuous, and let T < oco. Then, there is
a constant C such that

V(t,x)— V(' x)| < C <|x — X+ )= z/|) forall (1, %), (', x') €.

Proof. (i) Fort € [0,T] and x, x" € R", it follows from the Lipschitz property of
g that

|V(t,x) = V(t,x")| < Const sup E|XI*— X
‘L'E'T[,‘T]

< Const E sup ‘Xﬁx —x

t<s<T

< Const |x — x|

by the flow continuity result of Theorem 2.4.
(ii)) To prove the Holder continuity result in #, we argue as in the proof of
Proposition 3.7 using the dynamic programming principle of Theorem 4.3.

(1) We first observe that, whenever the stopping time § = ¢’ > ¢ is constant
(i.e. deterministic), the dynamic programming principle (4.9) and (4.10)
holds true if the semicontinuous envelopes are taken with respect to the
variable x, with fixed time variable. Since V' is continuous in x by the first
part of this proof, we deduce that

V(t,x) = sup E[lpong (X2Y) + LesmV (1 X)) (4.19)

1'67’[;‘7-]

(2) We then estimate that

0 < Vt,x)=E[V (', X5)]
< sup E[lgon (g(X07) =V (. X7))]
1:€7’[t"7-]
< sup E[lgan (g (X7Y) — g (X))
TGT[?T]

where the last inequality follows from the fact that V' > g. Using the
Lipschitz property of g, this provides:

0 < V(t,x)—E[V (¢, X/")] < Const E |: sup | X[ — Xtt;x|:|

t<s<t’

< Const (1 + |x]|)vVt’' —¢
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by the flow continuity result of Theorem 2.4. Using this estimate together
with the Lipschitz property proved in (i) above, this provides:

V) - V0 = [V 5[V (.50
+|E[V (. X)) = V(' x|
< Const ((1 + x|Vt =t +E |Xtt;x —x|)
< Const (1 + |x|)vt' — ¢,

by using again Theorem 2.4. O

4.4.2 Infinite Horizon Optimal Stopping

In this section, the state process X is defined by a homogeneous scalar diffusion:
dX; = b(X,)dt + o(X,)dW;. (4.20)
We introduce the hitting times:
HY ==inf{t >0: X" =b},
and we assume that the process X is regular, i.e.,
P [Hl;Y < oo] >0 forall x,b € R, 4.21)

which means that there is no subinterval of R from which the process X cannot exit.
We consider the infinite horizon optimal stopping problem:

V(x) :=supE[e "¢ (X*) 1reony] . (4.22)
€T

where T := Tjo.00], and B > 0 is the discount rate parameter.
According to Theorem 4.3, the dynamic programming equation corresponding
to this optimal stopping problem is the obstacle problem:

min {fv — Av,v — g} =0,

where the differential operator in the present homogeneous context is given by the
generator of the diffusion:

1
Av = bV + 502\/’. (4.23)
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The ordinary differential equation
Av—pv =0 (4.24)
has two positive linearly independent solutions
¥, ¢ > 0 such that y, strictly increasing ¢ strictly decreasing. (4.25)

Clearly ¥ and ¢ are uniquely determined up to a positive constant, and all other
solution of (4.24) can be expressed as a linear combination of v and ¢.
The following result follows from an immediate application of 1t6’s formula.

Lemma 4.8. For any by < by, we have

_ YX)p(b2) = ¥ (b2)¢(x)
V(b)) (bz) — Y (b)) (br)’

E[e—ﬁﬂ,jzl o ]: Y (b1)g(x) — Y (x)g(b1)
=13 LT (b0 (ba) — ¥ () (br)

We now show that the value function V' is concave up to some change of variable
and provide conditions under which V' is C I across the exercise boundary, i.e., the
boundary between the exercise and the continuation regions.

For the next result, we observe that the function (1/¢) is continuous and strictly
increasing by (4.25), and therefore invertible. To prepare for its statement, let us
observe that, on any compact subset of the continuation region, we have V = Ay +
B for some constants A, B € R. Then, (V/¢) o (¥/¢$)"'(x) = Ax + b is affine
on any compact subset of the continuation region. The following result examines
the nature of (V/¢) o (¥/¢)~" on the entire domain.

Theorem 4.9. (i) The function (V/$) o (/$)~" is concave. In particular, V is
continuous on R.

(ii) Let xo be such that V(xo) = g(xo), and assume that g, ¥ and ¢ are
differentiable at xo. Then V is differentiable at xo, and V'(xo) = g'(xo).

[ 2

Proof. Denote F := yr/¢. For (i), it is sufficient to prove that:

FO 50 ) - §w
F() = F(br) — F(by) — F(x)

forall by < x < b,. (4.26)

For ¢ > 0, consider the e—optimal stopping rules t;, 7o € 7 for the problems V(b)
and V(b,):

E[e™g (X5")] = Vb) —e fori=1.2.

We next define the stopping time

8= (H}j‘1 + 1o 911;1) Lomy <my + (H;j‘z +no 911;2) Lomy <myys
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where 6 denotes the shift operator on the canonical space. In words, the stopping
rule 7° uses the e—optimal stopping rule 7, if the level b, is reached before the level
b, and the e—optimal stopping rule t, otherwise. Then, it follows from the strong
Markovian property that

Vix) > E [e_ﬂtgg (X?;x)]
—E [e—ﬂﬂbﬂ E[eg (X3) ] 1y <H;2}]
+E [e_ﬂH’le]E [e_ﬁrzg (X?Z:bz)] 1{H32<H}§1 }]
= Vo) — &) B[ 1 )]
+ (V(b) — o E[e ™y ]
Sending & ~\ 0, this provides
V(x) = V(b)E [e_ﬂHﬁl 1{H;1<H,;2}] + V(b)E [e_ﬂHﬁzl{H,;‘z<H[fl}] :
By using the explicit expressions of Lemma 4.8 above, this provides

Vx) _ Vb)) Fby) — F(x) V(b)) F(x)— F(b1)
¢(x) ~ ¢(br) F(bo) = F(b1) ~ ¢(b2) F(bo) — F(b1)’

which implies (4.26).

(ii) We next prove the smoothfit result. Let x, be such that V' (xo) = g(xo). Then,
since V' > g, V¥ is strictly increasing and ¢ > 0 is strictly decreasing, it follows
from (4.26) that:

5(x0 + &) — £ (x0) %(Xo +eé)— %(xo)
<
F00+e) = Fx0) — Flxo+e) — §xo)
%(xo —8) — %(xo) - 5(xo—8) — 5(xo)
Sl =8 =500 T Hlxo—8) — K(x)

IA

4.27)

forall e > 0, § > 0. Multiplying by ((v//¢)(xo + &) — (¥/p)(x0)) /&, this implies
that:

S0+ —5(x)  L(xo+e) - L(xo)

& &
A7) §0=5) - £w)
A-(5) 5 ’

IA

(4.28)
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where

g0 +e) =Gl A (6) §0 =) — 0

(o) —
AT (e) = - 3

We next consider two cases:
o If (¥/¢) (x0) # 0, then we may take ¢ = § and send & \ 0 in (4.28) to obtain:
+r
d* (%)
dx

(x0) = (g) (x0). (4.29)

o If (¥/¢) (x0) = 0, then, we use the fact that for every sequence ¢, \ 0, there is
a subsequence &,, N\, 0 and & “\, 0 such that A*(e,,) = A~ (8). Then (4.28)
reduces to:

£(xo + &n) — £(x0) _ 3 (0 + £n,) — 5 (x0) _ §(x0 = &) — 5 (x0)

En, - En, - Ok

and therefore

g0t en) =00 (5)/@0).

En,

By the arbitrariness of the sequence (g,),, this provides (4.29).

Similarly, multiplying (4.27) by ((¥//¢)(x0) — (¥/$)(xo — 8))/8, and arguing as
above, we obtain:

ix (x0) = (%) (x0),

thus completing the proof. O

4.4.3 An Optimal Stopping Problem with Nonsmooth Value

We consider the example
X =x+ W, —W,) fors=>t.

Let g : R — R4 be a measurable nonnegative function and consider the infinite
horizon optimal stopping problem:



4.4 Regularity of the Value Function 51

V(t,x):= sup E[g(XI)Lr<oo}]

Te’T[t,oo]

= sup E[g(XI)].

Te'r[t,oo)

where the last equality follows from the nonnegativity of g together with Fatou’s
Lemma. Let us assume that V € C!?(S) and work towards a contradiction. We first
observe by the homogeneity of the problem that V' (¢, x) = V(x) is independent of
t. Moreover, it follows from Theorem 4.5 that V' is concave in x and V' > g. Then

V > g, (4.30)

where g™ is the concave envelope of g. If g™ = oo, then V = oco. We then
continue in the more interesting case where g™ < oo.

By the Jensen inequality and the non-negativity of g, the process {g(X 5*"),
s > t} is a supermartingale, and

V(t,x)f sup E[gconc (Xrtx)] < gconC(x)'
€77

Hence, V' = g, and we obtain the required contradiction whenever g™ is not
differentiable at some point of R.



Chapter 5
Solving Control Problems by Verification

In this chapter, we present a general argument, based on 1t6’s formula, which allows
to show that some “guess” of the value function is indeed equal to the unknown
value function. Namely, given a smooth solution v of the dynamic programming
equation, we give sufficient conditions which allow to conclude that v coincides
with the value function V. This is the so-called verification argument. The statement
of this result is heavy, but its proof is simple and relies essentially on It6’s formula.
However, depending on the problem in hand, the verification of the conditions which
must be satisfied by the candidate solution can be difficult.

The verification argument will be provided in the contexts of stochastic control
and optimal stopping problems. We conclude this chapter with some examples.

5.1 The Verification Argument for Stochastic Control
Problems

We recall the stochastic control problem formulation of Sect. 3.1. The set of admis-
sible control processes Uy C U is the collection of all progressively measurable
processes with values in the subset U C R¥. For every admissible control process
v € Uy, the controlled process is defined by the stochastic differential equation:

dX; = b(r. X, v)dt + o (1, X", v,)dW,.

The gain criterion is given by

T
J(t,x,v):=E |:/ BY(t,8) f(s, XV vo)ds + BY (2, T)g(XfT’X‘”):| ,

with
B(t,s) i= e i KX vnydr
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The stochastic control problem is defined by the value function:

V(t,x) = sup J(t,x,v), for(t,x)eS. 5.1

vEU)

We follow the notations of Sect. 3.3. We recall the Hamiltonian H : SxRxR? x S,
defined by:

H(t,x,r,p,y)

1
= sup —k(t,x,u)r +b(t,x,u)-p+ ETr[crch(t,x,u))/] + f(t,x,u);,

uelU

where b and o satisfy the conditions (3.1)—(3.2), and the coefficients f and k are
measurable. From the results of the previous section, the dynamic programming
equation corresponding to the stochastic control problem (5.1) is

—9,v—H(.,v,Dv,D*>) =0and wW(T,.) = g. (5.2)
A function v will be called a supersolution (resp. subsolution) of the (5.2) if
—d,v— H(.,v, Dv, D*) > (resp. <) 0 and v(T,.) > (resp. <) g.

The proof of the subsequent result will make use of the following linear second
order operator:

Llo(t,x) = —k(t,x,u)p(t,x) + b(t,x,u)- Dp(t, x)
—i—%Tr [o0" (. x,u)D*p(t. x)],

which corresponds to the process {£“(0,¢) X/, t > 0} controlled by the constant
control process u, in the sense that

B*(0.5)¢(s. X{) = BY(0. )g(t. X}') = / B"(0.7) (3 + L) o(r, X})dr
+[ B 0.0De X)) 0. X7 )W,

forevery ¢ < s and smooth function ¢ € C '2([t, s], R?) and each admissible control
process v € Uy. The last expression is an immediate application of 1t6’s formula.

Theorem 5.1. Let T < oo, and v € CY2([0,T),R?) N C([0, T] x RY). Assume
that |k~ |lco < 00 and v and f have quadratic growth, i.e., there is a constant C
such that

|f(t.x,u)| + [v(t.x)] < C(1+ |x>+ |u]), (t,x,u) € [0,T) x R x U.
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(i) Suppose that v is a supersolution of (5.2). Thenv >V on [0, T] x R?.
(ii) Let v be a solution of (5.2), and assume that there exists a minimizer u(t, x) of
ur— L%(t,x) + f(t, x,u) such that

© 0=0,v(t,x) + LYyt x) + f(t.x,a(t, x))
» The stochastic differential equation

dX, = b (s, X5, u(s, Xy))ds + o (s, X5, u(s, Xy)) dW,;

defines a unique solution X for each given initial data X; = x
o The process Vs := u(s, Xy) is a well-defined control process in U.

Thenv =V, and v is an optimal Markovian control process.

Proof. Let v € Uy be an arbitrary control process, X the associated state process
with initial date X; = x, and define the stopping time

6, := (T —n"Y)Ainf{s >t : |X,—x|>n}.

By It6’s formula, we have
On
v(t,x) = B(t, 0,)v (64, Xo,) —/ B(t,r)(0; + L )v(r, X,)dr
t

O
—/ B(t,r)Dv(r, X;)-o(r, X;,v,)dW,.

Observe that (3, + L )v + f(-,-,u) < d,v + H(-,-,v, Dv, D?*v) < 0, and that
the integrand in the stochastic integral is bounded on [¢, 8,], a consequence of the
continuity of Dv, o, and the condition ||k~ ||cc < 00. Then:

v(t,x) > E |:,3(t, 0,)v (B, Xp,) +

t

01‘1
ﬂ(t,r)f(r,Xr,vr)dr]. (5.3)
We now take the limit as 7 increases to infinity. Since 6, —> T a.s. and

O
B(t.0,)v (Bn. Xo,) + / B(t.r) S (r. Xy v)dr

IA

T
Cellk lloo (1 +|Xg, >+ T +/ |X5|2ds)
t

IA

T
CeT“killoo(l_FT) (1+ sup IXY|2+/ |US|2dS) (S Ll’
t

t<s<T
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by the estimate (3.5) of Theorem 3.1, it follows from the dominated convergence
that

T
v(t,x) > E [,B(I, YT, Xr) + / B, r)f(r, X,, v,)dri|

T
>E [ﬂ(r, T)g(Xr) + / B f(r X, mdr} ,

where the last inequality uses the condition v(7,-) > g. Since the control v € Uj is
arbitrary, this completes the proof of (i).

Statement (ii) is proved by repeating the above argument and observing that the
control ¥ achieves equality at the crucial step (5.3). O

Remark 5.2. When U is reduced to a singleton, the optimization problem V' is
degenerate. In this case, the DPE is linear, and the verification theorem reduces
to the so-called Feynman-Kac formula.

Notice that the verification theorem assumes the existence of such a solution, and
is by no means an existence result. However, it provides uniqueness in the class of
functions with quadratic growth.

We now state without proof an existence result for the DPE together with the
terminal condition V(T,-) = g (see [23] and the references therein). The main
assumption is the so-called uniform parabolicity condition:

there is a constant ¢ > 0 such that

g oo'(t,x,u) £ > c|g|> forall (t,x,u) € [0,T] x R" x U. (5.4)

In the following statement, we denote by C lf (R™) the space of bounded functions
whose partial derivatives of orders < k exist and are bounded continuous. We
similarly denote by C;’ ’k([O, T1,R") the space of bounded functions whose partial
derivatives with respect to ¢, of orders < p, and with respect to x, of order < k, exist
and are bounded continuously

Theorem 5.3. Let Condition 5.4 hold, and assume further that:

e U is compact
* b,0,and f arein Cbl’z([O, T],R")
e gc€ C;(R")

Then the DPE (3.21) with the terminal data V(T,-) = g has a unique solution V' €
C,2([0,T] x R").
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5.2 Examples of Control Problems with Explicit Solutions

5.2.1 Optimal Portfolio Allocation

We now apply the verification theorem to a classical example in finance, which was
introduced by Merton [29, 30], and generated a huge literature since then.

Consider a financial market consisting of a nonrisky asset S° and a risky one .
The dynamics of the price processes is given by

ds? = S%rdt and dS, = S,[udt + odW,].

Here, r, 1, and o are some given positive constants, and W is a one-dimensional
Brownian motion.

The investment policy is defined by an F—adapted process 7 = {n;, t € [0, T},
where m; represents the amount invested in the risky asset at time 7; The remaining
wealth (X; — ;) is invested in the risky asset. Therefore, the liquidation value of a
self-financing strategy satisfies

. ds ds?
dx” = N,Tt’ + (X" — m)S_,(;
= (X, + (u—r)m)dt + on, dW;. (5.5)

Such a process 7 is said to be admissible if it lies in 2y = H? which will be referred
to as the set of all admissible portfolios. Observe that, in view of the particular form
of our controlled process X, this definition agrees with (3.4).

Let y be an arbitrary parameter in (0, 1) and define the power utility function:

U(x) := x? forx > 0.
The parameter y is called the relative risk aversion coefficient.

The objective of the investor is to choose an allocation of his wealth so as to
maximize the expected utility of his terminal wealth, i.e.,

V(t.x) := sup E[UXF"T)],

€Uy

where X% is the solution of (5.5) with initial condition X; " = x.
The dynamic programming equation corresponding to this problem is

a—W(Z,x) + sup A*w(t,x) =0, (5.6)
ot u€R
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where A" is the second-order linear operator

0 1 2
A'w(t, x) == (rx + (u —1)u) —W(t,x) + =02’ —W(t,x).
dx 2 dx2
We next search for a solution of the dynamic programming equation of the form
v(t,x) = xVh(t). Plugging this form of solution into the PDE (5.6), we get the
following ordinary differential equation on A:

1 2
0=h"+ yhsup %r+(,u—r)£+—(y—1)azu—2} (5.7)
u€R x 2 X
1
=N + yhsup %r + =18+ =(y— 1)0252} (5.8)
seR 2
1 (u—r)
=hn h - .
+y [”2(1_”02] (5.9)

where the maximizer is

. w—r
u. = ——X.
(1—-y)o?

Since v(T,-) = U(x), we seek for a function & satisfying the above ordinary
differential equation together with the boundary condition #(7") = 1. This induces
the unique candidate:

. 1 (u—r)?
. a(T—t) .
h(t) = e witha := y[r—i—z—(l mysl K

Hence, the function (¢, x) —> x?h(t) is a classical solution of the HIB equa-
tion (5.6). It is easily checked that the conditions of Theorem 5.1 are all satisfied
in this context. Then V(¢, x) = x?h(¢), and the optimal portfolio allocation policy
is given by the linear control process:

5 K=T i
= X7
T Uy

5.2.2 Law of Iterated Logarithm for Double Stochastic
Integrals

The main object of this paragraph is Theorem 5.5, reported from [11], which
describes the local behavior of double stochastic integrals near the starting point
zero. This result will be needed in the problem of hedging under gamma constraints
which will be discussed later in these notes. An interesting feature of the proof of
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Theorem 5.5 is that it relies on a verification argument. However, the problem does
not fit exactly in the setting of Theorem 5.1. Therefore, this is an interesting exercise
on the verification concept.

Given a bounded predictable process b, we define the processes

t t
YP = Yo+/ b,dW, and Z! := Zo+/ YPdw,, t>0,
0 0

where Y and Z are some given initial data in R.

Lemma 5.4. Let A and T be two positive parameters with 2AT < 1. Then:
E [ezkz?] < E [eZAZIT]for each predictable process b with ||b|lecc < 1.

Proof. We split the argument into three steps

1. We first directly compute that

1
E [ezsz

F]=ve.v).z),
where, fort € [0, 7], and y, z € R, the function v is given by:

v(t,y,z2) := E [exp (2/\ %z + /tT >+ W,— Wt)qu})}
= ™ E [exp (A {2yWr— + W}_, — (T —1)})]
= pexp[2Az— MT —1) +2*A*(T — 1) y?].
where p 1= [1 — 2A(T —t)]~'/%. Observe that
the function v is strictly convex in y, (5.10)
and
yDIv(t.y.2) = 8 AN(T — 1) v(t. y.2) y* = 0. (5.11)
2. For an arbitrary real parameter 8, we denote by AP the generator the process

(Y?, z?):

1 1
B ._ 22 22 2
./4 = Eﬂ Dyy—f-Ey DZZ+ﬂyDyZ'

In this step, we intend to prove that for all € [0, 7] and y,z € R,

|:3,fv + ‘I/gl‘a)i Aﬂv:| (t.y.2) = [9v + Av(t,y.2)] = 0. (5.12)
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The second equality follows from the fact that {v(s,Y,!,Z}), t < T} is a
martingale . As for the first equality, we see from (5.10) and (5.11) that 1 is a
maximizer of both functions 8 —> ﬂzDﬁyv(t, y,z) and B —> ,ByDizv(t, V,2)
on [—1,1].

3. Let b be some given predictable process valued in [—1,1], and define the
sequence of stopping times

t = T Ainf{t >0 : |Y/|+|ZP| >k}, keN.

By It6’s lemma and (5.12), it follows that

Tk

Tk
v(0, Y0, Zo) = v (., Y2, 20 ) — / [bDyv + yD.v] (¢, Y}, Z}) dW,

/ (0 + Ay (1, Y2, Z0) dr

T

>v(u. Y2,z ) - / [bDyv + yD] (¢, Y}, ZP) dw.
0
Taking expected values and sending k to infinity, we get by Fatou’s lemma
v(0, Yo, Z) = liminf £ [v (z, S4B
—00

= E[v(T.Y].2})] = E[e2%],

which proves the lemma. O

We are now able to prove the law of the iterated logarithm for double stochastic
integrals by a direct adaptation of the case of the Brownian motion. Set

1
h(t) := 2t loglog? fort >0.

Theorem 5.5. Let b be a predictable process valued in a bounded interval [Bo, B1]
for some real parameters 0 < By < By, and th = fot fou b, dW,dW,. Then

b
Bo < limsup —~ < B a
t\O0 h()

Proof. We first show that the first inequality is an easy consequence of the second
one. Set § := (Bo + B1)/2 > 0, and set § := (B; — Bo)/2. By the law of the iterated
logarithm for the Brownian motion, we have
E E b
- 2X
B = lim sup —— < § limsup ,
t\O0 ) 1\ h( ) t\O0 h(t)
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where b := ! (B—b) is valued in [—1, 1]. It then follows from the second inequality
that

We now prove the second inequality. Clearly, we can assume with no loss of
generality that ||b]lcc < 1.Let T > 0 and A > 0 be such that 2AT < 1. It follows
from Doob’s maximal inequality for submartingales that for all @ > 0,

P [max 2X > a:| =P [ max. exp(2/\Xb) > exp(ka):|

0<t<T
_ b
<o hp [ez)\XT] '

In view of Lemma 5.4, this provides

P |:max 2X > ai| <eME [ez“(%]

0<t<T
= e e+ (] A7), (5.13)
We have then reduced the problem to the case of the Brownian motion, and the

rest of this proof is identical to the first half of the proof of the law of the iterated
logarithm for the Brownian motion. Take 6, n € (0, 1) and set for all k € N

ar = (1 + n)2h(6%) and Ay := 2651 + n)]7".
Applying (5.13), we see that for all k € N,
1
P [ max 2X! > (1+ n)zh(ek)} < e 2UHD (1 4 9712 (—k log )7,
0<f<9
Since ) 2ok~ < oo, it follows from the Borel-Cantelli lemma that, for almost
all w € £2, there exists a natural number K %"(w) such that for all k > K%"(w),

max 2X?(w) < (1 + n)*h(6%).

0<t<@k

In particular, for all € (9¥+!, %],

2XP () < (1 +n)*h(6%) < (1 + n)zh(t)
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Hence,

. 2X) (147
lim sup < ——— as.,
1N\ h(t) 0

and the required result follows by letting 6 tend to 1 and 7 to 0 along the rationals. O

5.3 The Verification Argument for Optimal Stopping
Problems

In this section, we develop the verification argument for finite horizon optimal
stopping problems. Let 7 > 0 be a finite time horizon and X'* denote the solution
of the stochastic differential equation:

N N
XN =x +/ b(s, X!")ds +/ o(s, X)dw, (5.14)
t t

where b and o satisfy the usual Lipschitz and linear growth conditions. We denote
by PX"" the measure induced by this solution. Given the functions k, f : [0, T] x
R? — Rand g : R — R, we consider the optimal stopping problem

V(t,x):= sup E |:/T B(t,s) f(s, X¥)ds + Bz, r)g(Xé’X):| . (5.15)

reT[fﬂ
whenever this expected value is well defined, where
S tx
B(t,s) :=e JikCXDI g <y <5< T

By the results of the previous chapter, the corresponding dynamic programming
equation is

min{—d,v—Lv— fiv—g} =00n[0,T) xR?, W(T,.) = g, (5.16)
where L is the second-order differential operator
1 T2
Lv:=b-Dv+ ETr[aa D*v] —kv.

Similar to Sect.5.1, a function v will be called a supersolution (resp. subsolution)
of (5.16) if

min{—d,v — Lv— fiv—g} > (resp. <) 0 and v(7,.) > (resp. <) g.
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Before stating the main result of this section, we observe that for many interesting
examples, it is known that the value function V' does not satisfy the C'-? regularity
which we have been using so far for the application of Itd’s formula. Therefore, in
order to state a result which can be applied to a wider class of problems, we shall
enlarge in the following remark the set of function for which It6’s formula still holds
true.

Remark 5.6. Let v be a function in the Sobolev space W 2(S). By definition, for
such a function v, there is a sequence of functions (),>; C C!*(S) such that
V" — v uniformly on compact subsets of S, and

||3,fv” - 3,vm||]Lz(S) + ||DVn — DVm”]LZ(S) + ”D2 " — DZVmHJLZ(S) — 0.

Then, 1t6’s formula holds true for v for all n > 1, and is inherited by v by sending
n — oo.

Theorem 5.7. Let T < oo andv € W'2([0, T),RY). Assume further that v and f
have quadratic growth. Then:

(1) Ifvis a supersolution of (5.16) dt dPX"" - q.e. Sforall (t,x), thenv > V.
(i1) Ifv is a solution of (5.16) de, dPX"" - g.e. forall (t,x), thenv =V, and

T i=inf{s > 1 : v(s, X;) = g(Xy)}

is an optimal stopping time.
Proof. Let (t,x) € [0, T) x R? be fixed and denote B, := B(¢, s).

(1) For an arbitrary stopping time 7 € 7{;‘1) , we denote
T, =t AInf{s > |X!¥ —x|>n}.

By our regularity conditions on v, notice that It6’s formula can be applied to it
piecewise. Then:

v(t,x) = Br, (T, X;;x) a / n Bs (3, + L)v(s, X¥)ds
t
—/ nﬁs(UTDv)(s,X;""‘)dWS
t
> o, v(w, X0F) + / ' Bs f(s, X"¥)ds
t

- / Bs(a" Dv)(s, X1¥)dW,
t
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by the supersolution property of v. Since (s, X!*) is bounded on the stochastic
interval [¢, 7,,], this provides

Weox) = E [ﬂf,lv(rn, X1 4 / "B X;’X)ds} .

Notice that 7, —> t a.s. Then, since f and v have quadratic growth, we may
pass to the limit # — oo invoking the dominated convergence theorem, and we
get:

T
V(t, x) > E[,BTV(T, X5y 4 / Bs f(s,X;’X)ds]

Since v(T,.) > g by the supersolution property, this concludes the proof of (i).
Let t;* be the stopping time introduced in the theorem. Then, since v(7,.) = g,

it follows that 7" € Ty ;. Set

T =1 Adnf{s > |X[¥ —x|>n}.
Observe that v > g on [t, 7)) C [t, 7,*), and therefore —d;v — Lv — f = 0 on

[t,7)'). Then, proceeding as in the previous step, it follows from Itd’s formula
that:

v(it,x) =E |:,3,;«v(t,”,X;,}x) + /tt Bs f (s, Xst‘x)ds:| .

Since 7' —> 7" a.s. and f, v have quadratic growth, we may pass to the limit
n — oo invoking the dominated convergence theorem. This leads to

T
Wt x) = E [ﬂrv(T, X+ [ s X&X)ds] ,

and the required result follows from the fact that v(7,.) = g. O

5.4 Examples of Optimal Stopping Problems with Explicit

Solutions

5.4.1 Perpetual American Options

The pricing problem of perpetual American put options reduces to the infinite
horizon optimal stopping problem:

P(t,s) ;= sup E[e—’(f—t)(K _ S£’5)+],
IGT[’

1,00)
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where K > 0 is a given exercise price, S’ is defined by the Black-Scholes constant
coefficients model:

2
S = sexp (r - %) w—1t)+o(W,—W,), u>t,

andr > 0, 0 > 0 are two given constants. By the time homogeneity of the problem,
we see that

P(t,s) = P(s):= sup E[e”"(K—S>)"] (5.17)

7€T(0.00)

In view this time independence, it follows that the dynamic programming corre-
sponding to this problem is:

1
min{v— (K —s)T,rv—rsDv— EO'ZDZV =0. (5.18)

In order to proceed to a verification argument, we now guess a solution to the
previous obstacle problem. From the nature of the problem, we search for a solution
of this obstacle problem defined by a parameter sy € (0, K') such that

1
p(s) = K —sfors €[0,s0] and rp —rsp’ — Eazszp” = 0 on [sg, 00).

We are then reduced to solving a linear second-order ODE on [sg,00), thus
determining v by

p(s) = As + Bs™2/°"  for s € [s0, 00),

up to the two constants A and B. Notice that 0 < p < K. Then the constant
A = 0 in our candidate solution because otherwise v —> oo at infinity. We
finally determine the constants B and sy by requiring our candidate solution to be
continuous and differentiable at s*. This provides two equations:

—2r/6? 5 40—
—/S() 2r/o°—1 — _1’

Bso_zr/a2 = K — 59 and
which provide our final candidate

=2r

2rK o250 ((5\
0=5—— el p(s) = (K —5)1[0,5)(s) + 155,00 (s)7 (5) . (5.19)

Notice that our candidate p is not twice differentiable at sq as p”(sop—) = 0 #
p” (s0+). However, by Remark 5.6, It6’s formula still applies to p, and p satisfies
the dynamic programming equation (5.18). We now show that
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p = P with optimal stopping time t* := inf {t > 0: p(S*) = (K — 5*)"}.
(5.20)

Indeed, for an arbitrary stopping time t € 7|y o), it follows from Itd’s formula that:
‘ 1
p(s) = e " p(S™) — / e’ (—rp +rsp’ + Eazszp”) (S,)dr
0

- / P/(Sr)UStdWr
0

A%

e T(K — St — / 7' (S)oS,dW,
0

by the fact that p is a supersolution of the dynamic programming equation. Since
p’ is bounded, there is no need any localization to get rid of the stochastic integral,
and we directly obtain by taking expected values that p(s) > E[e™""(K — S*)*].
By the arbitrariness of T € Tjg o0), this shows that p > P.

We next repeat the same argument with the stopping time t*, and we see that
p(s) =E[fe (K — S?;S)”L], completing the proof of (5.20).

5.4.2 Finite Horizon American Options

Finite horizon optimal stopping problems rarely have an explicit solution. So, the
following example can be seen as a sanity check. In the context of the financial
market of the previous subsection, we assume the instantaneous interest rate r = 0,
and we consider an American option with payoff function g and maturity 7" > 0.
Then the price of the corresponding American option is given by the optimal
stopping problem:

P(t,s) ;== sup E[g(SI)]. (5.21)

1'67’[;‘7-]

The corresponding dynamic programming equation is:
1
min{v—g,—d,v — EDZV =0on [0,7) xRy and v(T,.) = g. (5.22)

Assuming further that g € W'? and concave, we see that g is a solution of the
dynamic programming equation. Then, provided that g satisfies suitable growth
condition, we see by a verification argument that P = p.

Notice that the previous result can be obtained directly by the Jensen inequality
together with the fact that S is a martingale.



Chapter 6
Introduction to Viscosity Solutions

Throughout this chapter, we provide the main tools from the theory of viscosity
solutions for the purpose of our applications to stochastic control problems. For a
deeper presentation, we refer to the excellent overview paper by Crandall et al. [14].

6.1 Intuition Behind Viscosity Solutions

We consider a non-linear second order degenerate partial differential equation
(E) F (x,u(x), Du(x), Dzu(x)) =0 for x € O,

where O is an open subset of R¢ and F is a continuous map from O x R x R? x S,
—> R. We shall denote by d(©) the closure of O in R?. A crucial condition on F
is the so-called ellipticity condition:

Standing Assumption. Forall (x,r, p) € O x RxR¢ and 4, B € Sy,
F(x,r,p,A) < F(x,r, p, B) whenever A > B.

The full importance of this condition will be made clear in Proposition 6.2 below.
The first step towards the definition of a notion of weak solution to (E) is the
introduction of sub-and supersolutions.

Definition 6.1. A function u : © — R is a classical supersolution (resp. subsolu-
tion) of (E) if u € C?(©) and
F (x,u(x), Du(x), Dzu(x)) > (resp. <) 0 for x € O.

The theory of viscosity solutions is motivated by the following result, whose
simple proof is left to the reader.

N. Touzi, Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE, 67
Fields Institute Monographs 29, DOI 10.1007/978-1-4614-4286-8_6,
© Springer Science+Business Media New York 2013
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Proposition 6.2. Let u be a C*(O) function. Then the following claims are
equivalent:

(1) u is a classical supersolution (resp. subsolution) of (E).
(ii) For all pairs (xo, @) € O x C*(O) such that x, is a minimizer (resp. maximizer)
of the difference u — ¢) on O, we have

F (x0. u(x0). Dp(x0). D*¢(x0)) > (resp. <) 0.

6.2 Definition of Viscosity Solutions

For the convenience of the reader, we recall the definition of the semicontinuous
envelopes. For a locally bounded function u : O — R, we denote by u, and u* the
lower- and upper-semicontinuous envelopes of u. We recall that u, is the largest
lower-semicontinuous minorant of u, u* is the smallest upper-semicontinuous
majorant of u, and

ux(x) = liminfu(x’), u*(x) = limsupu(x’) .
x'—x X—x

We are now ready for the definition of viscosity solutions. Observe that Claim (ii)
in the above proposition does not involve the regularity of u. It therefore suggests
the following weak notion of solution to (E).

Definition 6.3. Letu : O — R be a locally bounded function:

(i) We say that u is a (discontinuous) viscosity supersolution of (E) if
F (x0, ux(x0), Dp(x0), D*p(x0)) = 0

for all pairs (xo, @) € O x C*(O) such that x, is a minimizer of the difference
(ux — ) on O.
(ii)) We say that u is a (discontinuous) viscosity subsolution of (E) if

F (x0, 1™ (x0), Dp(x0), D*¢(x0)) < 0

for all pairs (xo, @) € O x C?(O) such that x, is a maximizer of the difference
u* —¢@)onO.

(iii)) We say that u is a (discontinuous) viscosity solution of (E) if it is both a
viscosity supersolution and subsolution of (E).

Notation. We will say that F (x, us(x), Dux(x), D?us(x)) > 0 in the viscosity
sense whenever u, is a viscosity supersolution of (E). A similar notation will be
used for subsolution.
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Remark 6.4. An immediate consequence of Proposition 6.2 is that any classical
solution of (E) is also a viscosity solution of (E).

Remark 6.5. Clearly, the above definition is not changed if the minimum or
maximum are local and/or strict. Also, by a density argument, the test function can
be chosen in C*°(0).

Remark 6.6. Consider the equation (E*): |’(x)| — 1 = 0 on R. Then:

 The function f(x) := |x| is not a viscosity supersolution of (E*). Indeed, the
test function ¢ = 0 satisfies (f — ¢)(0) = 0 < (f — ¢)(x) for all x € R. But
l"(0)] =0# 1.

 The function g(x) := —|x| is a viscosity solution of (ET). To see this, we

concentrate on the origin which is the only critical point. The supersolution
property is obviously satisfied as there is no smooth function which satisfies the
minimum condition. As for the subsolution property, we observe that whenever
¢ € C'(R) satisfies (g —¢)(0) = max(g —¢), then |¢’(0)| < 1, which is exactly
the viscosity subsolution property of g.

¢ Similarly, the function f is a viscosity solution of the equation (E™): —|u/(x)| +
I =0onR.

In Sect. 7.1, we will show that the value function V is a viscosity solution of the
DPE (3.21) under the conditions of Theorem 3.6 (except the smoothness assumption
on V). We also want to emphasize that proving that the value function is a viscosity
solution is almost as easy as proving that it is a classical solution when V' is known
to be smooth.

6.3 First Properties

We now turn to two important properties of viscosity solutions: the change of
variable formula and the stability result.

Proposition 6.7. Let u be a locally bounded (discontinuous) viscosity supersolution
of (E). If f is a C'(R) function with Df # 0 on R, then the functionv:= f~'ou
is a (discontinuous)

— Viscosity supersolution, when Df > 0
— Viscosity subsolution, when Df < 0

of the equation
K(x,v(x), Dv(x), D*>v(x)) = 0 forx €O,
where

K(x.r,p, A) := F (x, f(r), Df (r)p, D* f(r)pp’ + Df(r)A) .



70 6 Introduction to Viscosity Solutions

We leave the easy proof of this proposition to the reader. The next result shows
how limit operations with viscosity solutions can be performed very easily.

Theorem 6.8. Let u. be a lower-semicontinuous viscosity supersolution of the
equation

F, (x.us(x), Du,(x), D*us(x)) = 0 forx € O,

where (Fy)e~o is a sequence of continuous functions satisfying the ellipticity
condition. Suppose that (&, x) —> u.(x) and (e, z) —> F.(2) are locally bounded,
and define

u(x) := liminf )us(x’) and F(z) := limsup F.(Z).

(a,x’)—)(O,x (S,Z/)—>(0,Z)
Then, u is a lower-semicontinuous viscosity supersolution of the equation
f(x,g(x), Du(x), ng(x)) =0 forxeO.

A similar statement holds for subsolutions.

Proof. The fact that u is a lower-semicontinuous function is left as an exercise for
the reader. Let ¢ € C?(O) and X be a strict minimizer of the difference u — ¢.
By definition of u, there is a sequence (&, x,) € (0, 1] x O such that

(&n,xn) —> (0,X) and u,, (x,) —> u(x).

Consider some r > 0 together with the closed ball B with radius r, centered at X.
Of course, we may choose |x, — x| < r for all n > 0. Let X, be a minimizer of
ue, — ¢ on B. We claim that

Xp —> X and u,, (X,) — u(x) as n — oo. 6.1)

Before verifying this, let us complete the proof. We first deduce that x,, is an interior
point of B for large n, so that X,, is a local minimizer of the difference u,, —¢. Then

Fo, (%0, tte, (%0). Dop(%), D*p(%4)) = 0,

and the required result follows by taking limits and using the definition of F.

It remains to prove claim (6.1). Recall that (x,), is valued in the compact set B.
Then, there is a subsequence, still named (x,),, which converges to some X € B.
We now prove that X = X and obtain the second claim in (6.1) as a by-product.
Using the fact that X,, is a minimizer of u,, — ¢ on B, together with the definition of
u, we see that
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0= (ﬂ—(p)()_C) = nli>nc}o (uan _(P) (xn)

> limsup (4, — @) (%)
n—o00

> liminf (ug, — @) (%)

> (u—¢)(x) .

We now obtain (6.1) from the fact that X is a strict minimizer of the difference
(u—9). o

Observe that the passage to the limit in partial differential equations written in
the classical or the generalized sense usually requires much more technicalities, as
one has to ensure convergence of all the partial derivatives involved in the equation.
The above stability result provides a general method to pass to the limit when the
equation is written in the viscosity sense, and its proof turns out to be remarkably
simple.

A possible application of the stability result is to establish the convergence of
numerical schemes. In view of the simplicity of the above statement, the notion of
viscosity solutions provides a nice framework for such questions. This issue will be
studied later in Chap. 12.

The main difficulty in the theory of viscosity solutions is the interpretation of
the equation in the viscosity sense. First, by weakening the notion of solution to
the second-order nonlinear PDE (E), we are enlarging the set of solutions, and one
has to guarantee that uniqueness still holds (in some convenient class of functions).
This issue will be discussed in the subsequent Sect. 6.4. We conclude this section
by the following result whose proof is trivial in the classical case, but needs some
technicalities when stated in the viscosity sense.

Proposition 6.9. Let A C R and B C R® be two open subsets, and letu : A X B
—> R be a lower semicontinuous viscosity supersolution of the equation:

F(x,y,u(x,y),Dyu(x,y),Dﬁu(x,y)) > Oon A x B,

where F is a continuous elliptic operator. Then, for all fixed xy € A, the function
v(y) := u(xo, y) is a viscosity supersolution of the equation:

F (x0,y.v(y), Dv(y), D*v(y)) > 0 on B.

A similar statement holds for the subsolution property.

Proof. Fix xo € A, set v(y) := u(xo,y), and let yo € B and f € C*(B) be such
that

=100 < =/ )y) forall y e J\{yoj. (6.2)
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where J is an arbitrary compact subset of B containing yj in its interior. For each
integer n, define

ou(x.y) = f(y)—nlx —xol> for(x,y) € Ax B,
and let (x,, y,) be defined by
(U = @u)(Xu, yu) = min(u — ),
where / is a compact subset of A containing X in its interior. We claim that
(X, yn) —> (x0. yo) and u(xy, yn) — u(xo. yo) as n —>oo.  (6.3)

Before proving this, let us complete the proof. Since (x¢, yo) is an interior point of
A x B, it follows from the viscosity property of u« that

0<F (xn,yn,u(xn,yn),Dy<pn(xn,yn),Dﬁfpn(xn,yn))

=F (xns Vs W(Xns Yn)s D (Yn)s sz(yn)) ,

and the required result follows by sending » to infinity.

We now turn to the proof of (6.3). Since the sequence (x,, y,), is valued in the
compact subset A x B, we have (x,, y,) — (X,y) € A x B, after passing to a
subsequence. Observe that

u(Xn, yn) = f(n) < ulxn, yn) = f(n) + nlx, — x0|2
= (u— @) (Xn, Yn)

< (u—@n)(x0,y0) = u(xo,y0) — f(yo) .

Taking the limits, it follows from the lower semicontinuity of « that

u(x,7) — f(7) < liminfu(x,, y,) — f(yn) + nlx, — xo|*
n—>00

< limsupu(x,, y,) — f(yn) + n|x, — xol2
n—>oo

=< u(x0, yo) = f (o). (6.4)

Since u is lower semicontinuous, this implies that u(x, y)— f(¥)+liminf, o0 12| X, —
xo|> < u(xo, y0) — f(o). Then, we must have ¥ = xo, and

=) = ulxo.y) = f(3) = (=)o),

which implies that = y in view of (6.2), and n|x, — xo|> —> 0. We also deduce
from inequalities (6.4) that u(x,, y,) —> u(xo, ¥o), concluding the proof of (6.3). O
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6.4 Comparison Result and Uniqueness

In this section, we show that the notion of viscosity solutions is consistent with
the maximum principle for a wide class of equations. Once we will have such a
result, the reader must be convinced that the notion of viscosity solutions is a good
weakening of the notion of classical solution.

We recall that the maximum principle is a stronger statement than uniqueness,
i.e., any equation satisfying a comparison result has no more than one solution.

In the viscosity solutions literature, the maximum principle is rather called
comparison principle.

6.4.1 Comparison of Classical Solutions in a Bounded Domain

Let us first review the maximum principle in the simplest classical sense.

Proposition 6.10. Assume that O is an open bounded subset of RY, and the non-
linearity F(x,r, p, A) is elliptic and strictly increasing in r. Let u,v € Cz(cl((’)))
be classical subsolution and supersolution of (E), respectively, with u < v on 90.
Then u < v on cl(O).

Proof. Our objective is to prove that

M := sup(u—v) < 0.
cl(0)

Assume to the contrary that M > 0. Then since cl(Q) is a compact subset of R¢,
and u — v < 0 on 00, we have

M = (u—v)(xo) for some xo € O with D(u —v)(x0) = 0, D*(u—v)(xo) < 0.
(6.5)

Then, it follows from the viscosity properties of # and v that:

F (x0. u(x0), Du(x0), D*u(x0)) < 0 < F(xo,v(x0), Dv(xo), D*v(x0))
< F(xo, u(xg) — M, Du(xy), Dzu(xo)),
where the last inequality follows crucially from the ellipticity of F. This provides
the desired contradiction, under our condition that F is strictly increasinginr. 0O

The objective of this section is to mimic the previous proof in the sense of
viscosity solutions.
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6.4.2 Semijets Definition of Viscosity Solutions

We first need to develop a convenient alternative definition of viscosity solutions.
Forxoe O,r eR, p € R, and A € S;, we introduce the quadratic function:

]
qO.r.p A) =1 pry+SAyy, y R

For v € LSC(0), let (xq,¢) € O x C2(O) be such that xy is a local minimizer
of the difference (v — @) in O. Then, defining p := Dg(xo) and A := D?p(xo), it
follows from a second-order Taylor expansion that:

v(x) > q(x — X, v(x0), p, A) + o(|x — x0|2).

Motivated by this observation, we introduce the subjet J;v(xo) by

Jov(xp) = {(p, A) e RY x Sy 1 v(x) > q(x = x0.v(x0). p, A) + o(|x — x0|2)}.
(6.6)

Similarly, we define the superjet Jg u(xo) of a function u € USC(O) at the point
xo €O by

J & u(xo) = {(p, A) e R x Sy :u(x) < q(x — xo.u(xo), p, A) + of|x —x0|2)}.
6.7)

Then, it can prove that a function v € LSC(O) is a viscosity supersolution of the
equation (E) if and only if

F(x,v(x),p,A) =0 forall (p, A) € JHv(x).
The nontrivial implication of the previous statement requires to construct, for every
(p, A) € J5v(x0), a smooth test function ¢ such that the difference (v — ¢) has a
local minimum at xo. We refer to Fleming and Soner [20], Lemma V.4.1 p. 211.

A symmetric statement holds for viscosity subsolutions. By continuity consider-
ations, we can even enlarge the semijets ng(xo) to the following closure:

J_gw(x) = {(p, A) € RY xSy 2 (xn, w(xn), pus An) —> (x, w(x), p, A)
for some sequence (x,, pn, An)n C Graph(ng)},

where (x,,, pu, An) € Graph(ng) means that (p,, 4,) € ng(xn). The following
result is obvious, and provides an equivalent definition of viscosity solutions.
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Proposition 6.11. Consider an elliptic nonlinearity F, and let u € USC(O), v €
LSC(0):

(i) Assume that F is lower semicontinuous. Then, u is a viscosity subsolution of

(E) if and only if
F(x,u(x), p,A) <0 forall x € Oand (p, A) € Ju(x).

(i) Assume that F is upper semicontinuous. Then, v is a viscosity supersolution of
(E) if and only if

F(x,v(x),p,A) >0 forallx € Oand (p, A) € j5v(x).

6.4.3 The Crandall-Ishii’s Lemma

The major difficulty in mimicking the proof of Proposition 6.10 is to derive an
analogous statement to (6.5) without involving the smoothness of # and v, as these
functions are only known to be upper- and lowern semicontinuous in the context of
viscosity solutions.

This is provided by the following result due to M. Crandall and I. Ishii. For a
symmetric matrix, we denote by |A| := sup{(A4&)-& : |§| < 1}.

Lemma 6.12. Let O be an open subset of RY. Given u € USC(Q) and v €
LSC(O), we assume for some (xo, o) € O% ¢ € C? (61(0)2) that:

(U =v=¢)(xo, yo) = max(u—v —g). (6.8)
Then, for each ¢ > 0, there exist A, B € Sy such that
(Dxp(x0, y0), A) € JGu(xo), (=Dye(x0,¥0), B) € Jov(yo),

and the following inequality holds in the sense of symmetric matrices in Syq:

_ A
— (7" + [ D*0(x0. y0)|) La < (

0
0 _B) < D*¢(x0, yo) + £D*p(x0, yo)*.

Proof. See Sect.6.7. O

We will be applying Lemma 6.12 in the particular case

o(x,y) = %|x — y|2 for x,y € O. (6.9)
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Intuitively, sending o to co, we expect that the maximization of (u(x) — v(y) —
@(x, y) on O? reduces to the maximization of («—v) on O as in (6.5). Then, taking
e~! = a, we directly compute that the conclusions of Lemma 6.12 reduce to

(a(x0 — Y0), A) € JFu(xo), (a(xo— o), B) € J5v(¥o), (6.10)

and

Id 0 A 0 Id _Id
— < < . 11
3a(0 Id)_(O_B)_3a(_Id Id) (1D

Remark 6.13. If u and v were C? functions in Lemma 6.12, the first-and-second
order condition for the maximization problem (6.8) with the test function (6.9) is
Du(xp) = a(xo — yo), Dv(xo) = a(xo — yo), and

D?u(xg) 0 -y Iy =14 _
0  —D*(y)) =~ \~la L
Hence, the right-hand side inequality in (6.11) is worsening the previous second-
order condition by replacing the coefficient o by 3a.

Remark 6.14. The right-hand side inequality of (6.11) implies that
A <B. (6.12)

To see this, take an arbitrary £ € R?, and denote by £7 its transpose. From right-
hand side inequality of (6.11), it follows that

o= (5 %) (5) = wos-@o-e

6.4.4 Comparison of Viscosity Solutions in a Bounded Domain

We now prove a comparison result for viscosity sub- and supersolutions by using
Lemma 6.12 to mimic the proof of Proposition 6.10. The statement will be proved
under the following conditions on the nonlinearity F° which will be used at Step 3
of the subsequent proof.

Assumption 6.15. (i) There exists y > 0 such that
F(x,r,p, A)—F(x.r', p, A) > y(r—r") forallr > ', (x, p, A) € OxRIxS,.

(ii) There is a function w : Ry —> Ry with w (04) = 0, such that
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F(y,r,a(x —y), B) = F(x,r,a(x — ), A) < @ (a|x — y|* + [x — y])
forallx,y € O, r € R,and A, B satisfying (6.11).
Remark 6.16. Assumption 6.15(ii) implies that the nonlinearity F is elliptic. To see
this, notice that for A < B, &,n € R and ¢ > 0, we have
A -§—(B+elg)n-n < BE-§—(B+ela)n-n
=21-B(E—1n) + BE—n)-(E—n —eln
e |BEE—n)I>+ B —n)-(E—n)
|BI (1 +¢"[B) |& = nl*.

IA

IA

For 3a > (1 +&7'|B|)| B|, the latter inequality implies the right-hand side of (6.11)
holds true with (A, B + €1;). For ¢ sufficiently small, the left-hand side of (6.11) is
also true with (4, B + ¢l) if in addition &« > |A| Vv | B|. Then

F(x—ot_lp,r,p,B—}—sl)—F(x,r,p,A) = W(Ol_l(lp|2+|p|)),

which provides the ellipticity of F' by sending « — oo and ¢ — 0.

Theorem 6.17. Let O be an open bounded subset of R? and let F be an elliptic
operator satisfying Assumption 6.15. Let u € USC(Q) and v € LSC(O) be viscosity
subsolution and supersolution of the equation (E), respectively. Then

u<vondO = u<von® :=cl(O).
Proof. As in the proof of Proposition 6.10, we assume to the contrary that
§:=w—-v)(z) >0 forsomez e O. (6.13)

Step 1. Forevery a > 0, it follows from the upper semicontinuity of the difference
(u — v) and the compactness of O that

o
M, = sup {u(x) = v(y) = Slx = 3P’}
Ox0O
o 2
= u(xy) —v(yo) — §|xa — Yol (6.14)
for some (x4, Vo) € O x O. Since O is compact, there is a subsequence (x,, y,) 1=

(Xa, > Ya,)» n > 1, which converges to some (X, y) € O x O. We shall prove in Step
4 below that

£ =9, aplx, — yul*> — 0, and M,, — (u—v)(%) = sup(u —v).  (6.15)
o
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Then, since u < v on 00 and
o, 5
8§ < M, = u(x,) —v(y,) — 7|xn — Yl (6.16)

by (6.13), it follows from the first claim in (6.15) that (x,, y,) € O x O.

Step 2. Since the maximizer (x,, y,) of M,, defined in (6.14) is an interior point
to O x O, it follows from Lemma 6.12 that there exist two symmetric matrices
Ay, B, € S, satisfying (9.11) such that (x,, o, (x, —yn), 4,) € J_gu(xn) and
(V> 0w (Xp — Yu), By) € J5v(yy). Then, since u and v are viscosity subsolution
and supersolution, respectively, it follows from the alternative definition of viscosity
solutions in Proposition 6.11 that

F (xy,u(xy), o0 (xy — yu), Ap) <0< F (Vu,v(¥n), (X — yn), By) . (6.17)

Step 3. We first use the strict monotonicity Assumption 6.15(i) to obtain

yd < V(u(xn) - V(yn)) < F (ensulxn), o0 (Xn — yu), An)
—F (X0, v(Yn)s 0tn (X — Yn), An) -

By (6.17), this provides
Y8 < F (Y. v(yn)s &n(n = yn)s Bu) = F (X, v(yn), & (Xn — yn). An) -
Finally, in view of Assumption 6.15(ii) this implies that
y8 < @ (anlxXn — yaul* + %0 — yul).-

Sending 7 to infinity, this leads to the desired contradiction of (6.13) and (6.15).

Step 4. It remains to prove the claims (6.15). By the upper semicontinuity of the
difference (¢ — v) and the compactness of O, there exists a maximizer x* of the
difference (u — v). Then

(U= V)(x*) < My, = u(x,) = v(yn) — “;—”m —

Sending n — oo, this provides

- 1
£ := —limsupa,|x, — y,|> < limsup u(xg,) —v(ya,) — (u—v)(x*)
2 n—>00 n—o0o

< u(®) =v(P) — (="

in particular, {<ocoand X = y. Using the definition of x* as a maximizer of (x—v),
we see that:
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0 <l<u—»E&)—@wu—v)(x* <o.

Then X is a maximizer of the difference (u — v) and M, —> supy, (1 —v). O

We list below two interesting examples of operators F which satisfy the
conditions of the above theorem:

Example 6.18. Assumption 6.15 is satisfied by the nonlinearity
F(x,r,p,4) = yr+ H(p)

for any continuous function H : RY — R, and y > 0.
In this example, the condition y > 0 is not needed when H is a convex and
H(Dg¢(x)) < a < 0 for some ¢ € C'(O). This result can be found in [2].

Example 6.19. Assumption 6.15 is satisfied by
F(-xs r,p, A) == _Tr (UUI(X)A) + yr,

where 0 : RY — S, is a Lipschitz function, and y > 0. Condition (i) of
Assumption 6.15 is obvious. To see that condition (ii) is satisfied, we consider
(A,B,a) € Sy xSy x Rj_ satisfying (6.11). We claim that

d
Tr [MMTA—NNTB] <3a|M - NI = 3a Y (M- N).
ij=1

To see this, observe that the matrix
_ (NNT NMT
MNT ymT

is a non-negative matrix in S;. From the right hand side inequality of (6.11), this
implies that

Tr [MMTA - NNTB] =Tr [C (g _OB)}

I, =1
<
< 3uTr |:C (—Id I, )i|

=3aTr[(M—N)(M—N)T] = 3a|M — NP2,
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6.5 Comparison in Unbounded Domains

When the domain O is unbounded, a growth condition on the functions u and v
is needed. Then, by using the growth at infinity, we can build on the proof of
Theorem 6.17 to obtain a comparison principle. The following result shows how
to handle this question in the case of a sub-quadratic growth. We emphasize that the
present argument can be adapted to alternative growth conditions.

The following condition differs from Assumption 6.15 only in its part (ii)
where the constant 3 in (6.11) is replaced by 4 in (6.18). Thus, the following
Assumption 6.20(ii) is slightly stronger than Assumption 6.15(ii).

Assumption 6.20. (i) There exists y > 0 such that
F(x,r,p. A)—F(x,r', p.A) = y(r—r") forallr > r', (x, p, A) € OxR xS,.
(ii) There is a function w : Ry —> Ry with w (04) = 0, such that

F(y.ra(x—y),B) = F(x,r.a(x —y), 4) < @ (a|lx =y + |x — y|)
forallx,y € O, r e Rand A, B satisfying
Id 0 A0 Id _Id
—4 < < 4 . 6.18
a(OId)_(O—B)_ “(—Jd Id) (6.18)
Theorem 6.21. Let F be a uniformly continuous elliptic operator satisfying
Assumption 6.20. Let u € USC(O) and v € LSC(O) be viscosity subsolution

and supersolution of the equation (E), respectively, with |u(x)| + |v(x)| = o(|x|?)
as |x| — oo. Then

u<vondO = u<vonclO).
Proof. We assume to the contrary that
§:=(@w—v)(z) >0 forsomezeR?, (6.19)
and we work towards a contradiction. Let

My = sup u(x) —v(y) —¢(x,y),
x,yER

where

P(x.y) = 5 (alx =y +elx? +elyl).

=
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1. Since u(x) = o(|x|?) and v(y) = o(]y|?) at infinity, there is a maximizer (X4, y)
for the previous problem:

My = u(xy) —v(yo) — ¢ (Xa, Ya)-

Moreover, there is a sequence o, — oo such that

(xnv J’n) = (-xa”s Yan) — ()%s _)/)\)s
and, similar to Step 4 of the proof of Theorem 6.17, we can prove that X = y,

0| %y — yu? —> 0, and M, —> Moo := sup (u —v)(x) —e|x|*.  (6.20)

x€R4

Notice that

lim sup M, = limsup {u(x,) — v(yn) — ¢ (xn, yn)}

n—o00 n—o00

< limsup {u(x,) — v(yn))}

n—00
< ligsgip u(xy) — liminfv(y,)
= (w—v)(X).
Since u < v on 40, and
M, 2§ —¢lz > 0,
by (6.19), we deduce that X & 9O and therefore (x,, y,) is a local maximizer of
2. ]b;y_ trle_ Cq;mdall—lshii Lemma 6.12, there exist 4,, B, € S,, such that
(D Con. y), An) € T5 ultn xa).
(=Dy$ (s yn), Ba) € T Vitn ya), (6.21)

and

— (@ + |D*p(x0, y0)) Ioa < (f(l)n —(1)3”)

1
= D, y) + — D, y)’. (6.22)
In the present situation, we immediately calculate that

Dy (xXn, yn) = a(xy — yu) + Xuy, — Dy (xXn, yu) = a(xy — yn) — &yn
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and

I, -1y

2 —
D ¢(xn, yn) = @ (—Id 1,

)+812d7

which reduces the right hand side of (6.22) to

A4, 0 Ig =14 &2
<3 2 — ) Ly, 6.23
(O_Bn)_(a+ 5)(_Id ]d)+(£+a) 2d ( )
while the left land side of (6.22) implies

—3aly < (/:)” —(1); ) (6.24)
n

3. By (6.21) and the viscosity properties of # and v, we have
F(xp, u(xy), on (X, — yn) + x4, Ay) <0,
F(yns v(yn)s &n(Xp — yn) — €Y, By) = 0.

Using Assumption 6.20(i) together with the uniform continuity of H, this implies
that

)’(u(xn) - V(-xn)) = F(ynv u(xn), 0 (Xn — Yn), En
_F(xns u(xn), & (Xn — yu), /In) +c(e),

where c(.) is a modulus of continuity of F, and /f,, = A, —2¢l,, Bn =B, +
2¢el,. By (6.23) and (6.24), we have

A, 0 I; —1Iy
—4al,; < " < 4 ,
“2”’—(0—3”)— “(—Id Id)

for small ¢. Then, it follows from Assumption 6.20(ii) that

Y () = v(xn)) < @ (anlXn — yal* + X0 = yul) + (o).
By sending n to infinity, it follows from (6.20) that:

(&) =2 y(Moo + |2%) = yMoo = y(u(2) — v(z) — £lz]).

and we get a contradiction of (6.19) by sending ¢ to zero. O
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We conclude this section by two consequences of the above comparison results,
which are trivial properties in the context of classical solutions.

Lemma 6.22. Let O be an open interval of R, and U : O — R be a lower-
semicontinuous viscosity supersolution of the equation DU > 0 on O. Then U is
nondecreasing on O.

Proof. For each ¢ > 0, define W(x) := U(x) 4+ ex, x € O. Then W satisfies in the
viscosity sense DW > ¢in O, i.e., for all (xg, ¢) € O x C'(O) such that

(W —9)(xo0) = xmeig(W —@)(x), (6.25)

we have Dg(xo) > ¢. This proves that ¢ is strictly increasing in a neighborhood V
of x¢. Let (x1, x2) C V be an open interval containing xy. We intend to prove that

W(x1) < W(x2), (6.26)

which provides the required result from the arbitrariness of xy € O.
To prove (6.26), suppose to the contrary that W(x;) > W(x;), and the consider
the function v(x) = W(x;,) which solves the equation

Dv = 0 on the open interval (xj, x2).

Together with the boundary conditions v(x;) = v(x2) = W(x;). Observe that W
is a lower-semicontinuous viscosity supersolution of the above equation. From the
comparison result of Example 6.18, this implies that

sup (v—W) = max{(v—W)(x1), (v =W)(x2)} = 0.

[x1, x2]

Hence W(x) > v(x) = W(xy) for all x € [x1,xz]. Applying this inequality at
X0 € (x1, x2) and recalling that the test function ¢ is strictly increasing on [x1, x3],
we get

(W =) (x0) > (W = 9)(x2),

contradicting (6.25). O

Lemma 6.23. Let O be an open interval of R, and U : O —> R be a lower-
semicontinuous viscosity supersolution of the equation —D*U > 0 on O. Then U
is concave on O.

Proof. Leta < b be two arbitrary elements in O, and consider some ¢ > 0 together
with the function
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U(a) (eﬁ“"” — e—ﬁ“’—f)) + U(b) (eﬁ<s—a> _ e—ﬁm—w)

fora <s <b.
ev/Elb—a) _ e—+/elb—a) ==

v(s) :=

Clearly, v solves the equation
ev—D?* =0 on (a,b),v="U on {a,b}.

Since U is lower semicontinuous, it is bounded from below on the interval [a, b].
Therefore, by possibly adding a constant to U, we can assume that U > 0, so that
U is a lower-semicontinuous viscosity supersolution of the above equation. It then
follows from the comparison Theorem 7.6 that:

sup(v—U) = max{(v—U)(a), v=U)(bB)} = 0.
[a.b]

Hence,

U(a) (e*/g(”“" - e—ﬁ“"f’) + U(b) (e«/é(s—u) _ e—ﬁ<s_a>)
evelb—a) _ o= /e(b—a)

U(s) = v(s) =
and by sending ¢ to zero, we see that
s—a
U(s) 2 (U(b) = Ul@) 5— + Ula)

for all s € [a, b]. Let A be an arbitrary element of the interval [0,1], and set s :=
Aa + (1 — A)b. The last inequality takes the form

U(Aa + (1—A)b) = AU(a) + (1 — MU(b),

proving the concavity of U. O

6.7 Proof of the Crandall-Ishii’s Lemma

We start with two lemmas. We say that a function f is A—semiconvex if x +—
F(x) 4+ (A/2)|x|* is convex.

Lemma 6.24. Let f : RY — R be a A—semiconvex function, for some A € R,
and assume that f(x) — %Bx -x < f(0) forall x € RN, Then there exists X € Sy
such that

0, X)e T F0)N T f(0) and —AIy < X < B.



6.7 Proof of the Crandall-Ishii’s Lemma 85

Our second lemma requires to introduce the following notion. For a function
v:RY — Rand A > 0, the corresponding A—sup-convolution is defined by:

N A
P = sup o) = 5lx =P
yERN

Observe that

. A A
P(x) + S lxP = sup 1v(y) = Sy +Ax-y
2 yeR 2

is convex, as the supremum of linear functions. Then
P is A — semiconvex. (6.27)

In [14], the following property is referred to as the magical property of the sup-
convolution.

Lemma 6.25. Let A > 0, v be a bounded lower-semicontinuous function and v* the
corresponding A—sup-convolution.

() If (p, X) € J>T9(x) for some x € RV, then
1
(p.X) e J“’v(x + %) and V*(x) = v(x + p/A) — ﬁ|p|2.

(i) Forall x € RN, we have (0, X) € J_z""{/(x)implies that (0, X) € J_z""v(x).

Before proving the above lemmas, we show how they imply the Crandall-Ishii’s
lemma that we reformulate in a more symmetric way.

Lemma 6.12. Let O be an open locally compact subset of R and uy,uy €
USC(O). We denote w(xi,x3) = uj(x1) + uz(xz) and we assume for some
@ € C?(cl(0)?), and x° = (x{,x3) € O x O that

(w—@)(x°) = max(w — ).
OZ
Then, for each ¢ > 0, there exist X1, Xo € Sy such that
(D o(x°), Xi) € J5Tui(x?), i =1,2,

and

— (e D20 = (D) = D200 +epa0)
2
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Proof.

Step 1. We first observe that we may reduce the problem to the case
1
O =R x"=0, u;(0) = us(0) = 0, and p(x) = EAX -x forsome 4 € S;.

The reduction to x° = 0 follows from an immediate change of coordinates. Choose
any compact subset of K C O containing the origin and set #; = u; on K and —oo
otherwise, i = 1, 2. Then, the problem can be stated equivalently in terms of the
functions #; which are now defined on R? and take values on the extended real line.
Also by defining

i (x;) := i1 (x;) — ;i (0) — D, (0) and ¢(x) := ¢(x) — ¢(0) — Dp(0) - x,
we may reformulate the problem equivalently with #;(x;) = 0 and ¢(x) =

1D?p(0)x - x + o(|x|?). Finally, defining ¢(x) := Ax-x with A := D%*p(0) +nlaq
for some 1 > 0, it follows that

w1 (x1) + 2 (x2) = @(x1, X2) < w1 (x1) + 2 (x2) — P(x1, X2)
< 1(0) + u2(0) — ¢(0) = 0.
Step 2. From the reduction of the previous step, we have
2w(x) < Ax - x
=A(x—y)-(x=y)Ay-y =24y -(y = x)

1
5A(x—y)-(x—y)Ay-y+8Azy-y+glx—yl2

1
= A=y (x=y) F -y (A+ed)y -y
< (7 ADIx =y (A +edP)y -y
Set A := ¢! + |A| and B := A + £ A%, The latter inequality implies the following
property of the sup-convolution:

N 1 R
wl(y)—EB%y <w(0) = 0.

Step 3. Recall from (6.27) that Ww* is A—semiconvex. Then, it follows from Lemma
6.24 that there exist X € S»g such that (0,X) € 7w (0) N 7~ #*(0) and
—Al; < X < B.Moreover, it is immediately checked that W* (x1, x2) = &} (x)) +
it} (x2), implying that X is block diagonal with blocs X1, X, € S,. Hence,
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_ X 0
(" + AN Ly < 7 <A+eA
0 X,

and (0, X;) € 7~ i2(0) fori = 1,2 which, by Lemma 6.25, implies that (0, X;) €
2+
J ur(0). O

We continue by turning to the proofs of Lemmas 6.24 and 6.25. The main tools
which will be used are the following properties of any semiconvex function ¢ :
RY — R whose proofs are reported in [14]:

e Aleksandrov’s lemma. ¢ is twice differentiable a.e.
o Jensen’s lemma. if xq is a strict maximizer of ¢, then for every r, § > 0, the set

{)'c € B(xo,r) : x —> @(x) + p - x has alocal maximum at X for some p € Bg}

has positive measure in RV .

Proof of Lemma 6.24. Notice that ¢(x) = f(x) — %Bx - x — |x|* has a strict
maximum at x = 0. Localizing around the origin, we see that ¢ is a semiconvex
function. Then, for every § > 0, by the above Aleksandrov’s and Jensen’s lemmas,
there exists gs and xs such that

gs. x5 € Bs, D?@(x;5) exists, and ¢(x5) + ¢ - x5 = loc-max{p(x) + g5 - x}.
We may then write the first- and second-order optimality conditions to see that:

Df(xs) = —qs + Bxs + 4|xs]> and D* f(x5) < B + 12|x5]*.
Together with the A—semiconvexity of f, this provides:
Df(x5) = O(8) and —AI < D2 f(xs) < B + O(8%). (6.28)

Clearly f inherits the twice differentiability of ¢ at x5. Then

(Df(x5). D* f(x5)) € J>* f(xs) N T f(x5),

and, in view of (6.28), we may send § to zero along some subsequence and obtain a
limit point (0, X) € J>F £(0) N J>~ £(0). O

Proof of Lemma 6.25. (i) Since v is bounded, there is a maximizer:

A
P (x) = v(y) — Fh - yI*. (6.29)
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By the definition of #* and the fact that (p, A) € J>T9(x), we have for every
x',y e RV:

WO = S P )
<H) +p- (X —x) + %A(x/—x)~(x/—x) 4o’ — x)
= o) =Sy ()
+ %A(x/ — %) (X = x) 4 o(x' = x), (6.30)

where we used (6.29) in the last equality.
By first setting x" = y’ + y — x in (6.30), we see that:

1
VO VD) F P (=) + S A0 =) (0 = y) Fe(y = y) forall e RY,

which means that (p, A) € J>Ty(y).
On the other hand, setting y’ = y in (6.30), we deduce that:

’

M =0 (S Ty = o -wp).
2 A

which implies that y = x + 2.

Consider a sequence (X,,, p, A,) with (x,,, D*(x,,). pn, An) — (x,9*(x), 0, A)

and (py, Ay) € J>T9*(x,). In view of (i) and the definition of J2Tv(x), it

only remains to prove that

v(x,, + %) — v(x). (6.31)

To see this, we use the upper semicontinuity of v together with (i) and the
definition of $*:

v(x) > limsup v(x,, + %)

> liminfv(x,, n %)

1
=1limd* (x,) + == |pal* = H(x) = v(x). o
n 2A



Chapter 7
Dynamic Programming Equation
in the Viscosity Sense

7.1 DPE for Stochastic Control Problems

We now turn to the stochastic control problem introduced in Sect.3.1. The chief
goal of this section is to use the notion of viscosity solutions in order to relax the
smoothness condition on the value function V' in the statement of Propositions 3.4
and 3.5. Notice that the following proofs are obtained by slight modification of the
corresponding proofs in the smooth case.

Remark 7.1. Recall that the general theory of viscosity applies for nonlinear partial
differential equations on an open domain Q. This indeed ensures that the optimizer
in the definition of viscosity solutions is an interior point. In the setting of control
problems with finite horizon, the time variable moves forward so that the left
boundary of the time interval is not relevant. We shall then write the DPE on the
domain S = [0, 7)) x R¥. Although this is not an open domain, the general theory
of viscosity solutions is still valid.

We first recall the setting of Sect. 3.1. We shall concentrate on the finite horizon
case T < oo, while keeping in mind that the infinite horizon problems are handled
by exactly the same arguments. The only reason why we exclude T = oo is
because we do not want to be diverted by issues related to the definition of the
set of admissible controls.

Given a subset U of R¥, we denote by U the set of all progressively measurable
processes v = {v,, t < T} valued in U and by Uy := U N H2. The elements of Uy
are called admissible control processes.

The controlled state dynamics is defined by means of the functions

b : (t,x,u) e SxU — b(t,x,u) e R"

and
o : (t,x,u) eSxU — o(t,x,u) € Mg(n,d),

N. Touzi, Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE, 89
Fields Institute Monographs 29, DOI 10.1007/978-1-4614-4286-8_7,
© Springer Science+Business Media New York 2013
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which are assumed to be continuous and to satisfy the conditions

|b(t, x,u) =b(t,y,u)| + o, x,u) —o(t,y,w)| <K [x—y[,  (7.1)
b, x,u)| + o, x,u)| < K (1 + [x[ + [u]), (7.2)

for some constant K independent of (¢, x, y, u). For each admissible control process
v € Uy, the controlled stochastic differential equation:

dXt == b(t, Xta Ut)dt + U(t,X[, Ut)du/[, (73)

has a unique solution X, for all given initial data § € IL?>(F, P) with
E [ sup | X! |2} < C(1 +E[|g[*])e" forallt €[0,T], (7.4)
0<s<t

for some constant C. Finally, the gain functional is defined via the functions:
fik i [0,T)xRxU — Randg : RY — R,
which are assumed to be continuous, ||k~ [|co < 00, and:
| £ x,w)] + 1g(0)] < K(1+ ul + | x[?),

for some constant K independent of (¢, x, u). The cost function J on [0, 7] x R? x
U is:

T
J(t,x,v):=E |:/ BU(t,s) f(s, X\ vg)ds + B¢, T)g (X’TW):| . (15

when this expression is meaningful, where

BV(t,s) == exp (— / ke, X1 v,)dr),

and {X[*" s > t} is the solution of (7.3) with control process v and initial condition
X/ = x. The stochastic control problem is defined by the value function:

V(t,x) := sup J(t,x,v) for (¢,x) € 8S. (7.6)

VEU)

We recall the expression of the Hamiltonian

H(.,r, p,A) := sup (f(., u)—k(,u)yr +b(.u)-p+ %Tr[ooT(., u)A]) . (1.7)
uelU
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and the second order operator associated to X and 8
1
LY = —k(,u)v+b(.,u)- Dv+ ETr [UUT(., u)Dzv] , (7.8)

which appears naturally in the following It6’s formula valid for any smooth test
function v:

dpr(0,t)v(t, X;) = B¥(0, z)((at +L)v(t, X)dt + Dv(t, X)) -o(t, X, , v,)dm).

Proposition 7.2. Assume that V is locally bounded on [0, T) x R?. Then, the value
Sfunction V' is a viscosity supersolution of the equation

— 8, V(t,x)— H (t,x,V(t,x), DV(t,x), D*V(t,x)) > 0 (7.9)
on[0,T) x RY.
Proof. Let (t,x) € Sand ¢ € C*(S) be such that

0= (Va—o)t.x) = min (Vs — ). (7.10)
Let (,, x,), be a sequence in S such that
(ty,xy) — (t,x) and V(t,,x,) —> Vil(t,x).
Since ¢ is smooth, notice that
M = Vtn, Xn) = @(tn, Xn) —> 0.

Next, let u € U be fixed, and consider the constant control process v = u. We shall
denote by X" := X" the associated state process with initial data X no= Xn.
Finally, for all n > 0, we define the stopping time:

O, :=inf{s >, : (s —t,, X! —x,) &[0, h,) x «B},
where a > 0 is some given constant, B denotes the unit ball of R”, and

ha 1= Ly, 20y + 17 Ly, =0y

Notice that 6, — t asn —> 0.

1. From the first inequality in the dynamic programming principle of Theorem 3.3,
it follows that:

On
0<E |:V(t,,,xn) — B(tn, 6,) Vi (6,, Xgn) - / Bty r) f(r, X}, v,.)dr:|.
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Now, in contrast with the proof of Proposition 3.4, the value function is not
known to be smooth, and therefore we cannot apply It6’s formula to V. The
main trick of this proof is to use the inequality Vi > ¢ on S, implied by (7.10),
so that we can apply Itd’s formula to the smooth test function ¢:

o
A

On
<m+E |:‘p(tn7xn) — B(tn, 0,)0(0n, Xg”) - / Btn, 1) f(r, X', Vl‘)dr:|

O
m—E [ Bltn.r)(@rp + Lo — f)(r. X[, M)dr}

O
_E [/ Btn, ) D(r, X ) (r, X", u)dW,:|,

where d,¢ denotes the partial derivative with respect to ¢.

2. We now continue exactly along the lines of the proof of Proposition 3.5. Observe
that B(t,,r)Do(r, X!")o(r, X', u) is bounded on the stochastic interval [z, 6,,].
Therefore, the second expectation on the right hand side of the last inequality
vanishes, and

B
T [hi | penn@e+ o= r1e.x. u)dr} =0,
We now send n to infinity. The a.s. convergence of the random value inside
the expectation is easily obtained by the mean value theorem; recall that
for n > N(w) sufficiently large, 6,(w) = h,. Since the random variable
ht ftg” By, T) (L@ — f)(r, X, u)dr is essentially bounded, uniformly in n,
on the stochastic interval [z, 6,], it follows from the dominated convergence
theorem that:

—0ip(t,x) = L%(1,x) = f(t,x,u) = 0,

which is the required result, since u € U is arbitrary. O

We next wish to show that V satisfies the nonlinear partial differential equa-
tion (7.9) with equality, in the viscosity sense. This is also obtained by a slight
modification of the proof of Proposition 3.5.

Proposition 7.3. Assume that the value function V is locally bounded on S. Let
the function H be finite and upper semicontinuous on [0, T) x RY x R? x S;, and
|k |loo < 00. Then, V is a viscosity subsolution of the equation

— 8, V(t,x)— H (t,x,V(t,x), DV(t,x), D*V(t,x)) <0 (7.11)

on[0,T) x R™.
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Proof. Let (o, x0) € S and ¢ € C%(S) be such that
0= (V' =9)to.x0) > (V" =¢)(t.x) for (1. x) € S\ {(fo, x0)}.  (7.12)
In order to prove the required result, we assume to the contrary that
h(to. xo) := d;¢(to. xo) + H (to. X0, ¢ (t0. X0). D (10, Xo), D>¢(to, x0)) < 0

and work towards a contradiction.

1. Since H is upper semicontinuous, there exists an open neighborhood N, :=
(to —r, to + r) x rB(ty, x¢) of (ty, xo), for some r > 0, such that

h = 0,0+ H (..¢.Dg,D*p) <0onN\,. (7.13)
Then it follows from (7.12) that

— 2 W lleo .= max (V" —¢) < 0. (7.14)
n

Next, let (¢,, x,), be a sequence in N, such that
(tu, xn) —> (to, x0) and V(t,, x,) —> V*(to, xo).

Since (V — ¢)(t,,x,) —> 0, we can assume that the sequence (z,,x,) also
satisfies:

|((V —@)(ty,xp)| < n foralln>1. (7.15)
For an arbitrary control process v € U;,, we define the stopping time
0 :=inf{t > t, : X" & N,},

and we observe that (9,;’, X gi,'x”'") € dN, by the pathwise continuity of the
controlled process. Then, with B := B"(t,, 5), it follows from (7.14) that

B0 X5 = 2+ BV (0L X5). (16)
2. Since ﬂt”n = 1, it follows from (7.15) and It6’s formula that
V(Zns -xn) > —n+ (/)(ln, xn)

g
— 7 +E |:,35%(p(9;, Xpt) = | Y@, + L) (s, X;Mw)ds]

In
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%

6
y+E [ﬂsnvw(@;, Xj ')+ / B(fove) —h) (s. X;"’“‘"’”>ds]
tl'l

%

In

6
D+ E [ﬂs;so(af, Xpn) 4 [ (s X, w)ds} :

by (7.13). Using (7.16), this provides

oy
V(ty.Xn) =0 +E |:,35”u VO, Xy [ BYf (s, X, vs)ds:| .

In

Since n > 0 does not depend on v, it follows from the arbitrariness of v € Uf;,
that latter inequality is in contradiction with the second inequality of the dynamic
programming principle of Theorem 3.3. O

As a consequence of Propositions 7.3 and 7.2, we have the main result of this
section:

Theorem 7.4. Let the conditions of Propositions 7.3 and 7.2 hold. Then, the value
function V' is a viscosity solution of the Hamilton-Jacobi-Bellman equation

— 8V —H(.V,DV,D*V) =0o0nS. (7.17)

The partial differential equation (7.17) has a very simple and specific dependence
in the time-derivative term. Because of this, it is usually referred to as a parabolic
equation.

In order to a obtain a characterization of the value function by means of
the dynamic programming equation, the latter viscosity property needs to be
complemented by a uniqueness result. This is usually obtained as a consequence
of a comparison result.

In the present situation, one may verify the conditions of Theorem 6.21. For
completeness, we report a comparison result which is adapted for the class of
equations corresponding to stochastic control problems.

Consider the parabolic equation

du+ G (t,x, Du(t,x), D’u(t,x)) = OonS§, (7.18)
where G is elliptic and continuous. For y > 0, set
G (t.x, p, A) := sup{G(s.y, p, A) : (s.y) € Bs(t,x:)},
G, x,p,A) == inf{G(s,y,p,A) : (s,y) € Bs(t, x;7)},

where Bs(t, x; y) is the collection of elements (s, ) in S such that |t —s|> 4+ |x — y|?
< yz. We report, without proof, the following result from [20] (Theorem V.8.1 and
Remark V.8.1).
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Assumption 7.5. The above operators satisfy

lim sup {G_H/E (tg, Xes Pes Ag) - G—)/g (Ssv Ye, Pes Bs)}
e\0

< Const (|to — so| + [xo — yol) [1 + | po| + o (|0 — 50| + |x0 — yol)] (7.19)
for all sequences (t:, x;), (Se, Ve) € [0,T) x R", p. € R", and y. > 0 with:

((té‘s-xé‘)s (SSs ys)v D, )’s) — ((Z()v xO)v (SO, YO), Po, 0) as e \ 07

and symmetric matrices (Ag, B;) with

A 0 I, —I
—KI,, < ¢ < 2 " "
? N (0 _Bé‘) - O{(_I*’l In)

for some o independent of ¢.

Theorem 7.6. Let Assumption 7.5 hold true, and let u € USC(S), andv € LSC(S)
be viscosity subsolution and supersolution of (7.18), respectively. Then

sup(u —v) = sup(u —v)(T,-).
5 R

A sufﬁcient_condition for (7.19) to hold is that f(-,-,u), k(-,-, u), b(:,-, u), and
o(-,-,u) € C(S) with

[1b¢lloo + 1bxlloo + ll0tlloc + llox[loo < o0,
|b(t, x,u)| + |o(t,x,u)] < Const(l + |x| + |ul);

see [20], Lemma V.8.1.

7.2 DPE for Optimal Stopping Problems

We first recall the optimal stopping problem considered in Sect.4.1. For 0 < ¢ <
T < oo, the set T}; 71 denotes the collection of all F—stopping times with values in
[t, T]. The state process X is defined by the SDE:

where © and o are defined on S = [0,T) x R", take values in R" and S,

respectively, and satisfy the usual Lipschitz and linear growth conditions so that the
above SDE has a unique strong solution satisfying the integrability of Theorem 2.2.
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For a measurable function g : R” — R, satisfying E [SuP05r<T |g(X,)|] < 00,
the gain criterion is given by:

J(t.x,7) =E[g (X!")1,coo] forall (1,x) €S, v €Ty (721

Here, X' denotes the unique strong solution of (4.1) with initial condition
X/ = x. Then, the optimal stopping problem is defined by

V(t,x):= sup J(t,x,t) forall (t,x) €S. (7.22)
IE'T[,‘T]

The next result derives the dynamic programming equation for the previous optimal
stopping problem in the sense of viscosity solution, thus relaxing the C > regularity
condition in the statement of Theorem 4.5. As usual, the same methodology allows
to handle seemingly more general optimal stopping problems:

V(t,x):= sup J(t,x, 1), (7.23)
TE7—[t,T]

where
B T
J(@,x,7):=E [/ B(t.s) f(s, X;5)ds + B, f)g(Xi’x)l{moo}} ;

N
B(t,s) == exp(—/ k(u,X;’X)du).
t
Theorem 7.7. Assume that V is locally bounded, and let g : R" — R be
continuous. Then V' is a viscosity solution of the obstacle problem
min{—(d; + AV, V —g} = 0onS. (7.24)
Proof. (i) We first show that V' is a viscosity supersolution. As in the proof of

Theorem 4.5, the inequality V' — g > 0 is obvious, and implies that V. > g.
Let (fo, Xo) € S and ¢ € C*(S) be such that

0= (Vi —@)(to, x0) = msin(V* —9).

To prove that —(9; + A)(ty, x0) > 0, we consider a sequence (¢, X;)n>1 C
[to — h,ty + h] x B, for some small 4 > 0, such that

(tn, xn) — (o, x0) and V(¢,, x,) —> Vi(to, X0).

Let (h,), be a sequence of positive scalars converging to zero, to be fixed later,
and introduce the stopping times:
O,

in

=inf{t > 6, 0 (6. X)) & [to — hu.to + ha] x B}.



7.2

(i1)

DPE for Optimal Stopping Problems 97

Then 6, € for sufficiently small /, and it follows from (4.10) that:

1
[t.T]
V(tn,x,,) >E [V* (9;:, X@;;)] .

Since Vi > ¢, and denoting 1, := (V — ¢)(t,, x»), this provides

M+ @(tn. x,) = E o (6. Xg;:)] where 1, — 0.
We continue by fixing

ha = iy, 20+ 1 Ly, =op

as in the proof of Proposition 7.2. Then, the rest of the proof follows exactly
the line of argument of the proof of Theorem 4.5 combined with that of
Proposition 7.2.
We next prove that V' is a viscosity subsolution of the (7.24). Let (f, xo) € S

and ¢ € C?(S) be such that

0= (V*—@)(to, xo) = strict max V* — ),

assume to the contrary that
(V" = g)(to, x0) > 0 and —(3; + A)g(to, x0) > O,
and let us work towards a contradiction of the weak dynamic programming
principle.
Since g is continuous, and V*(y, x9) = ¢(t, xo), we may find constants
h > 0and§ > 0 so that
¢>g+8and — (3, + A)p > 0on N, := [ty.to + h] X hB, (7.25)

where B is the unit ball centered at xo. Moreover, since (¢, xo) is a strict
maximizer of the difference V* — ¢,

—y = V*— 0. 7.26
Y 1%(( @) < (7.26)

Let (¢,, x,) be a sequence in S such that
(tn, xn) — (fo. X0) and V(t,, x,) —> V™* (%0, X0).
We next define the stopping times:

O = inf{t > 1,0 (6, X/"") & Ny},
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and we continue as in Step 2 of the proof of Theorem 4.5. We denote 7, :=
V(ty, xn) — @(ty, x,), and we compute by Itd’s formula that for an arbitrary
stopping rule t € T{ 7,

V(tn, xn) = 0n + @(tn, Xn)

TAb,
=1, +IE|:<p (‘L’/\@n,X”\on)—/ (0; +A)<p(t,X,f)dt:| ,
tn

where diffusion term has zero expectation because the process (f, X""*") is
confined to the compact subset A}, on the stochastic interval [, T A 6,]. Since
—(3; + A)p > 0 on N}, by (7.25), this provides

V(te, xp) = 0y + E [(,0 (r, X1) 1{r<9,,} + ¢ (On, X9n) lrz{0,7}+]
> E[(g (X0) +8) Lag,y + (V* (00, X6,) + ) Lig,203]
>y A8+ E[g (X0) Lcgy + V™ (00, Xo,) Lig, 203
where we used the fact that ¢ > g + § on AV, by (7.25),and ¢ > V* + y on

dN;, by (7.26). Since 1, := (V — ¢)(ty, x,) —> Oasn — oo, and 7 € ’731] is
arbitrary, this provides the desired contradiction of (4.9). O

7.3 A Comparison Result for Obstacle Problems

In this section, we derive a comparison result for the obstacle problem:
min { F(.,u, d,u, Du, D*u),u— g} =0 on [0,T) x R? (7.27)

The dynamic programming equation of the optimal stopping problem (7.23)
corresponds to the particular case:

1
F(,u,0d,u, Du, Dzu) =ou+b-Du+ ETr[ooTDzu] —ku+ f.

Theorem 7.8. Let F be a uniformly continuous elliptic operator satisfying
Assumption 6.20. Let u € USC(O) and v € LSC(O) be viscosity subsolution
and supersolution of the equation (7.27), respectively, with sub-quadratic growth.
Then

w(T,) <w(T,)=u<von[0,T] xRY.

Proof. This is an easy adaptation of the proof of Theorem 6.21. We adapt the same
notations so that, in the present, x stands for the pair (¢, x). The only difference
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appears at Step 3 which starts from the fact that

min { F(x,, u(x,), & (X4 — yu) + x5, A), u(x,) — g(x,)} <0,
min {F(y,, v(¥n), 0 (X0 — Yn) — €Vn, Bu), v(yn) — g(¥a)} = 0.

This leads to two cases:

— Either u(x,) — g(x,) < 0 along some subsequence. Then the inequality v(y,) —
g(yn) = 0 leads to a contradiction of (6.19).

— Or F(x,,u(xp), o, (x4 — yy) + €x,, Ay) < 0, which can be combined with the
supersolution part F(y,, v(yu), (X, — ¥y) — €yn, By) > 0 exactly as in the
proof of Theorem 6.21, and leads to a contradiction of (6.19). O



Chapter 8
Stochastic Target Problems

8.1 Stochastic Target Problems

In this section, we study a special class of stochastic target problems which avoids
facing some technical difficulties, but reflects in a transparent way the main ideas
and arguments to handle this new class of stochastic control problems.

All of the applications that we will be presenting fall into the framework of this
section. The interested readers may consult the references at the end of this chapter
for the most general classes of stochastic target problems, and their geometric
formulation.

8.1.1 Formulation

Let T > 0 be the finite time horizonand W = {W,,0 <t < T} be a d -dimensional
Brownian motion defined on a complete probability space (£2, F, P). We denote by
F = {F;,,0 <t < T} the P-augmentation of the filtration generated by W.

We assume that the control set U is a convex compact subset of R with
nonempty interior, and we denote by U/ the set of all progressively measurable
processes v = {v;, 0 < ¢ < T} with values in U.

The state process is defined as follows: given the initial dataz = (x, y) € R? xR,
an initial time ¢ € [0, T'], and a control process v € U, let the controlled process
ZhwY = (X', YY) be the solution of the stochastic differential equation:

dX =p (r, X v)dr+o (r, X0 v) AW,
Y=’ =b (r, Z*",v)dr + v, -dW,, r e (t,T),

with initial data

tx,v tx.y,v o
X, = Xx, and ¥, = y.

N. Touzi, Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE, 101
Fields Institute Monographs 29, DOI 10.1007/978-1-4614-4286-8_8,
© Springer Science+Business Media New York 2013
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Here, u : SxU — RY,0:SxU — S;,and b : SxRxU —> R are continuous
functions, Lipschitz in (x, y) uniformly in (¢, u). Then, all above processes are well
defined for every admissible control process v € U defined by

Uy = {v ceU: E [/ (|,u0(s, vs)|+|bo(s, vy)| + |o0(s, v)|> + |Vs|2) ds:| < oo} ,
0

where po(t,u) := u(t,0,u), bo(t,u) := b(t,0,u), and oo(t,u) := o(t,0,u).
Throughout this section, we assume that the function

ur— o(t,x,u)p
has a unique fixed point for every (¢, x) € S x R defined by
o(t,x,u)p =u < u=y(t,x,p). 8.1)

For a measurable function g : RY — R, we define the stochastic target problem by

V(t,x):=inf{y e R : ¥, > g (X;*"), P—as.forsome v € Up}. (8.2)
Remark 8.1. By introducing the subset of control processes

A(t,x,y) =={vely: Yo > g (X7), P—as.},
we may re-write the value function of the stochastic target problem into
V(t,x) = inf)(¢,x), where Y(t,x) :={y e R : A(t,x,y) # 0}.
The set Y(¢, x) satisfies the following important property
forall y e R, y € Y(t,x) = [y,00) C V(t, x).

Indeed, since the state process X'~V is independent of y, the process Y is
a solution of a stochastic differential equation (with random coefficients), and the

corresponding flow y —> ¥,"*”*" is increasing for every ¢ by classical results on
SDEs.

8.1.2 Geometric Dynamic Programming Principle

Similar to the standard class of stochastic control and optimal stopping problems
studied in the previous chapters, the main tool for the characterization of the value
function and the solution of stochastic target problems is the dynamic programming
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principle. Although the present problem does not fall into the class of problems
studied in the previous chapters, the idea of dynamic programming is the same:
allow the time origin to move, and deduce a relation between the value function at
different points in time.

In these notes, we shall essentially use the easy direction of a more general
geometric dynamic programming principle. The geometric nature of this result will
be justified in Remark 8.4.

Theorem 8.2. Let (t,x) € [0,T] x R? and y € R such that A(t, x,y) # 0. Then,
for any control process v € A(t, x, y) and stopping time t € Ty, 1),

YIS > V(X)) P —as. (8.3)

Proof. Letz = (x,y) and v € A(¢,7), and denote Z,,,, := (X", Y"*"). Then
Y7o > g (X5°") P—a.s. Notice that

Z[.z.v v
Zf,Z,V — ZT, T
T T .

Then, by the definition of the set A, it follows that v € A (z, Z4*"), and therefore
V (v, Xb57) < Y44, P-as. o

In the next subsection, we will prove that the value function V' is a viscosity
supersolution of the corresponding dynamic programming equation which will be
obtained as the infinitesimal counterpart of (8.3). The following remark comments
on the full geometric dynamic programming principle in the context of stochastic
target problems. The proof of this claim is beyond the scope of these notes, and we
shall only report a sketch of it.

Remark 8.3. The statement (8.3) in Theorem 8.2 can be strengthened to the
following geometric dynamic programming principle:

V(t, x) = inf{y eER: Y/ >V (r, Xi’x"’) , P —a.s. forsome v € Z/lo}, (8.4)

for all stopping time 7 with values in [¢, T']. Let us provide an intuitive justification
of this. Denote y := V(z, x). In view of (8.3), it is easily seen that (8.4) is implied by

P [Ytr,x,ﬁ—nqv >V (z, X?W)] < 1 forall v elyandn > 0.

In words, there is no control process v which allows to reach the value function
V(z, X!*") at time 7, with full probability, starting from an initial data strictly
below the value function V(¢, x). To see this, suppose to the contrary that there
exist v € Uy, n > 0 and © € T}; 77 such that:

YIS Sy (g XYY P —as.
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In view of Remark 8.1, this implies that YT ey (r, Xé*"""’), and therefore
there exists a control D € U such that

Lx.J=nw o

ypre =g (X}’X?X'U’ﬁ) . P—as.

X, 5= A

Since the process (X T’X?x’v";, Yy "’) depends on ¥ only through its realiza-

tions in the stochastic interval [z, T'], we may chose D so as ¥ = v on [z, 7] (this is
Rt BN

the difficult part of this proof). Then Z}’Z’M V=27 ;X’yA " and therefore § —
€ Y(t,x), hence V(t, x) < y — . This is the required contradiction as y = V(t, x)
and n > 0.

Remark 8.4. An extended version of the stochastic target problem that was intro-
duced in [36] avoids the decoupling of the components Z = (X, Y). In this case,
there is no natural direction to isolate in the process Z which we assume defined by
the general dynamics:

dzZ*Y = B(r, ZL5Y v)dr + B(r, ZL5Y v )dW,, 1 € (1, T).
The stochastic target problem is defined by the value function:
V(t) = {ze R 2 eI P—as.),

for some given target subset I" C RY ™!, Notice that V(¢) is a subset in R?*!. It was
proved in [36] that for all stopping time 7 with values in [¢, T']:

V(t) = inf{z e R/ Z14" € V(1), P—as.).

This is a dynamic programming principle for the sets {V'(¢), ¢ € [0, T]}, and for this
reason it was called geometric dynamic programming principle.

8.1.3 The Dynamic Programming Equation

In order to have a simpler statement and proof of the main result, we assume in this
section that

U is a closed convex subset of R, int(U) # @ and 0 € U. (8.5)

The formulation of the dynamic programming equation involves the notion of
support function from convex analysis.

Dual Characterization of Closed Convex Sets We first introduce the support
Jfunction of the set U:

Su(§) = sup x-& forall &£ e RY,
xeU
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By definition §y is a convex function on R4, Since 0 € U, its effective domain is
given by

U = dom(8y) = {£ €eRY : 5y (&) < o0},

and is a closed convex cone of R?. Since U is closed and convex by (8.5), we have
the following dual characterization:

x e Uifandonlyif §y(§) —x-£>0 forallé €U, (8.6)

see, e.g., Rockafellar [35]. Moreover, since Uisa cone, we may normalize the dual
variables £ on the right hand side:

x € Uifandonlyify(§)—x-£ > O0forallE e U, :={E €U :|g| =1}. (8.7)

This normalization will be needed in our analysis in order to obtain a dual
characterization of int(U). Indeed, since U has nonempty interior by (8.5), we have

x € int(U) if and only if inf g5 Su(§) —x-& > 0. (8.8)

Formal Derivation of the DPE We start with a formal derivation of the dynamic
programming equation which provides the main intuitions.

To simplify the presentation, we suppose that the value function V' is smooth and
that existence holds, i.e., for all (¢, x) € S, there is a control process D € Uy such

that, with z = (x, V(z, x)), we have Y;*" > g(X7*"), P—a.s. Then it follows from
the geometric dynamic programming of Theorem 8.2 that P—a.s:

1+h ) t+h .
v =+ [zt n)ass [ aaw 2 v (cenxi).
t t

By It6’s formula, this implies that

t+h R
0 < / {—a, V(s X'0)
t

+H (S, Z;,Z,f), DV(S, X;,x,f))’ DZV(S,XSt’X'G)s f)s)} ds
t+h R ~
+ [ N (5 X5 DV, X)) - aw, (8.9)

t

where we introduced the functions:

1
H(t,x,y,p,A,u) :=b(t,x,y,u) —u(t,x,u)-p— ETr [cr(t,x, u)zA], (8.10)

N“(t,x,p):

u—of(t,x,u)p. (8.11)
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We continue our intuitive derivation of the dynamic programming equation by
assuming that all terms inside the integrals are bounded (we know that this can be
achieved by localization). Then the first integral behaves like C &, while the second
integral can be viewed as a time-changed Brownian motion. By the properties of the
Brownian motion, it follows that the integrand of the stochastic integral term must
be zero at the origin:

N/ (t,x, DV(t, x)) = 0 or, equivalently, v, = 1//(t,x, DV(t,x)),
where ¥ was introduced in (8.1). In particular, this implies that
v(t,x,DV(t,x)) € U,
or, equivalently,
Su(€) —&-y(t,x, DV(t,x)) =0 forall § € U, (8.12)

by (8.7). Taking expected values in (8.9), normalizing by %, and sending 4 to zero,
we see that

—3,;V(t,x)+ H(t,x.V(t,x), DV(t,x), D*V(t,x), ¥ (t. x, DV (1, x))) = 0.
(8.13)
Putting (8.12) and (8.13) together, we obtain

min{ —0d;V + H(., V,DV,D?V, v(., DV)), inf (SU@) —&-v(, DV)) > 0.
gel,

By using the second part of the geometric dynamic programming principle, see
Remark 8.3, we expect to prove that equality holds in the latter dynamic program-
ming equation.

The Dynamic Programming Equation We next turn to a rigorous derivation of
the dynamic programming equation. In the subsequent proof, we shall use the
first part of the dynamic programming reported in Theorem 8.2 to prove that
the stochastic target problem is a supersolution of the corresponding dynamic
programming equation. For completeness, we will also provide the proof of
the subsolution property based on the full dynamic programming principle of
Remark 8.3. We observe however that our subsequent applications will only make
use of the supersolution property.

Theorem 8.5. Assume that V is locally bounded, and let the maps H and
be continuous. Then V is a viscosity supersolution of the dynamic programming
equation on S:

min{ —0d,V + H(., V,DV,D?V, v(., DV)), inf (5[/(%') —&-v(, DV)) =0.
§el;
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Assume further that  is locally Lipschitz continuous and U has nonempty interior.
Then V is a viscosity solution of the above DPE on S.

Proof. As usual, we prove separately the supersolution and the subsolution
properties.

1. Supersolution: Let (ty, xo) € S and ¢ € C?(S) be such that

(strict) rnsin(V* —¢) = Vi —@)(to,x0) = O,

and assume to the contrary that

@

(i)

—2n == (=8,V + H(..,V,DV.D*V,y/(, DV))) (to. xo) < 0. (8.14)
By the continuity of H and i, we may find ¢ > 0 such that

-0 V(t,x)+ H(t,x, y, DV(t,x), D*V(t, x), u) < -7
for (¢, x) € B:(to, x0), |y —¢(t,x)| <e,andu € U s.t. IN“(t, x, p)| < e.
(8.15)

Notice that (8.15) is obviously true if {u € U : |[N“(t,x, p)| < &} = @, so
that the subsequent argument holds in this case as well.
Since (fy, xo) is a strict minimizer of the difference Vi — ¢, we have

== min (Vi —¢) > 0. 8.16
v 335(&),)(0)( * (,0) ( )

Let (¢, xn)n C Bg(to, xo) be a sequence such that
(tn, Xn) — (10, x0) and V(t,, x,) —> Vi(to, Xo), (8.17)

and set y, := V(t,,x,) +n~ " and z, := (x,,y,). By the definition of
the problem V(t,, x, ): there exists a control process " € Uy such that the
process Z" := Z"V" satisfies Y7 > g(X1), P—a.s. Consider the stopping
times:

00 == inf{t > 1, : (1, X]") & Be(to. x0)} ,
6, := 00 Ainf{t > 1, : |Y" —o(t, X")| > &}.

Then, it follows from the geometric dynamic programming principle that

n
Yire,

>V (tAOn, X))

tA6),
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Since V > Vi > ¢, and using (8.16) and the definition of 6,, this implies
that

Y6, = @ (A0 X[g) + L=,y (¥ 1,00y + e1g6,<003)
@t A0 X))+ (v A o)L=y, (8.18)

Denoting ¢, := V(t,,x,) — @(t,, x,) —n~', we write the process Y" as
t t
Y =cu + o(ty, xn) +/ b(s, Z},v")ds +/ v - dW;.
ty In

Plugging this into (8.18) and applying It&’s formula, we then see that:

t Ay
(eAY)y=gy < cau +/ §tds
t

n

tAB, o
[N (5 X7 Dt X)) -aW,
tn
tAB,
<M, :=c, —+—/ 871 4n (s)ds (8.19)
tn

tAG, .
+/ NY (s, X! Do(s, X)) - dW,
Iy

where
8 = —8,p(s. X!') + H (s. Z] . Do(s. X"). D*¢(s. X). D)
and

A" = {s € [ts.0u] 1 8" > —n}.

By (8.15), observe that the diffusion term ¢ := N (s, X7, Do(s, X))
in (8.19) satisfies || > n for all s € A". Then, by introducing the
exponential local martingale L" defined by

L} =landdL} = LY|5| 725 - dW,. 1 2 1,

we see that the process M " L" is a positive local martingale. Then M" L" is
a supermartingale, and it follows from (8.19) that

sAny[M&L’én] < M;;L’;n = ¢,

which can not happen because ¢, —> 0. Hence, our starting point (8.14)
can not happen, and the proof of the supersolution property is complete.
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2. Subsolution: Let (ty, xo) € S and ¢ € C?(S) be such that

(strict) msax(V* —) = (V*—9)(tg, x0) = 0, (8.20)

and assume to the contrary that

®

(ii)

25 := (=3¢ + H(..0. Dp. D*p. ¥ (.. 9))) (to. X0) > 0,
and Eing (Bu (&) — & - v (.. Dp))(to. x0) > 0. (8.21)

By the continuity of H and ¥, and the characterization of int(U) in (8.8), it
follows from (8.21) that

(09 + H(..y, Do, D*¢, (., Dp))) = nand ¥(, Dp) € U
for (¢, x) € B.(to, x0) and |y — ¢(t, x)| < &. (8.22)

Also, since (fy, xo) is a strict maximizer in (8.20), we have

—¢:= max (V*-— < 0, 8.23
; 3sz(t0,X0)( (P) ( )

where 9, B:(ty, xo) 1= {fo + &} x cl(B.(t, x0)) U [to,to + &) x 0B.(x0)
denotes the parabolic boundary of B, (%, xo).

Let (t,, x,), be a sequence in S which converges to (o, x¢) and such that
V(t,, x,) = V*(to, x0). Set y, = V(t,,x,) —n~" and observe that

Yo = Yn — @y, x,) — 0. (8.24)

Let Z" := (X",Y") denote the controlled state process associated to the
Markovian control b = (¢, X', De(¢, X]')) and the initial condition
Z} = (X, yn). Since ¥ is locally Lipschitz-continuous, the process Z"
is well defined. We next define the stopping times

0 :=inf{s >, : (s, X") ¢ Be(to, x0)},

n

Op i= 0y Ainf{s > 5, = [Y"(s) — (s, X])| > &} .
By the first line in (8.22), (8.24) and a standard comparison theorem, it
follows that Y — ¢(0,, Xj ) > e on {|Yg — ¢(6,, Xj )| > &} for n large

enough. Since V' < VV* < ¢, we then deduce from (8.23) and the definition
of 6, that

Yo =V (60, Xi) = 1{9n<02}(YéZ —‘P(anXé’n))

+1{0,7=9,§’}(Y579 = V(0. 3,9))
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> 81{9n<9,9} + 1{9”:9;;}()/9’?(’) - V*(QV(I)’ gr‘l’))
> elyg, g0y + Lig, =00} (Yé} +¢— (p(é,?, Xg,?))
>en+ 1{9,7=93}(Y51° — (0. X3°))‘

We continue by using Itd’s formula:

On
Yg,: -V (en,Xgn) > &N é‘ + 1{9n29y[,)} (]/n + / O[(S, X:l’ Y;’)ds) ,
In

where the drift term «(-) > 7 is defined in (8.22) and the diffusion coefficient
vanishes by the definition of the function ¥ in (8.1). Since &,¢ > 0, and
yn — 0, this implies that

Yy = V(6,.X3) for sufficiently large 7.

Recalling that the initial position of the process Y" is y, = V(t,,x,) —
n~! < V(t,, x,), this is clearly in contradiction with the second part of the

geometric dynamic programming principle discussed in Remark 8.3. O

8.1.4 Application: Hedging Under Portfolio Constraints

As an application of the previous results, we now study the problem of superhedging
under portfolio constraints in the context of the Black—Scholes model.

Formulation We consider a financial market consisting of d + 1 assets. The first
asset X is nonrisky and is normalized to unity. The d next assets are risky with
price process X = (X',..., X?)T defined by the Black—Scholes model:

dX, = X, x odW,,

where o is a constant symmetric nondegenerate matrix in R¢, and x » o is the square
matrix in R with entries (x x0)i; = xi0; ;.

Remark 8.6. We observe that the normalization of the first asset to unity does not
entail any loss of generality as we can always reduce to this case by discounting or,
in other words, by taking the price process of this asset as a numéraire.

Also, the formulation of the above process X as a martingale is not a restriction
as our subsequent superhedging problem only involves the underlying probability
measure through the corresponding zero-measure sets. Therefore, under the no-
arbitrage condition (or more precisely, no free lunch with vanishing risk), we can
reduce the model to the above martingale case by an equivalent change of measure.
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Under the self-financing condition, the liquidation value of the portfolio is
defined by the controlled state process:

dY” = on, - dW;,

where 7 is the control process, with 7/ representing the amount invested in the ith
risky asset X' at time ¢.

We introduce portfolio constraints by imposing that the portfolio process = must
be valued in a subset U of R?. We shall assume that

U is closed convex subset of R, int(U) # @, and 0 € U. (8.25)

We then define the controls set by U, as in the previous sections, and we define the
superhedging problem under portfolio constraints by the stochastic target problem:

V(t,x) ;= inf {y : YTt’yJr > g(X;x), P — a.s. for some 7 € L{O}, (8.26)

where g : R‘i —> R is a nonnegative LSC function with linear growth.

We shall provide an explicit solution of this problem by only using the superso-
lution claim from Theorem 8.5. This will provide a minorant of the superhedging
cost V. To prove that this minorant is indeed the desired value function, we will use
a verification argument.

Deriving a Minorant of the Superhedging Cost First, since 0 < g(x) < C(1 +
|x]) for some constant C > 0, we deduce that 0 < V < C(1 + |x|), the right
hand side inequality is easily justified by the buy-and-hold strategy suggested by the
linear upper bound. Then, by a direct application of the first part of Theorem 8.5,
we know that the LSC envelope Vi of V' is a supersolution of the DPE:

—0, Vi — %Tr [(x x 0)>D?Vy] = 0, (8.27)
Su() —&-(x» DVy)) >0, forallf e U. (8.28)

Notice that (8.28) is equivalent to
the map A —> (L) := Ay (§) — Vi(t, x » e*¥) is that nondecreasing, (8.29)
where e* is the vector of R? with entries (e*f); = e*. Then /(1) > h(0) provides

Vie(t,x) > sup Vs (x * &) — 8y (€).
gel

We next observe that Vi (7,.) > g (just use the definition of V', and send ¢t " T).
Then, we deduce from the previous inequality that

Vi(T,x) > g(x) :=supg (x * es) — 8y (&) forall x € Rf’{_. (8.30)
g€l
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In other words, in order to superhedge the derivative security with final payoff
g(Xr), the constraints on the portfolio require that one hedges the derivative
security with larger payoff g(Xr). The function ¢ is called the face-lifted payoff,
and is the smallest majorant of g which satisfies the gradient constraint x * Dg(x) €
U forall x € RY.

Combining (8.30) with (8.27), it follows from the comparison result for the linear
Black—Scholes PDE that

V(t,x) > Vi(t.x) = v(t,x) :=E[g(X;")] forall (r,x) €S. (8.31)

Explicit Solution Our objective is now to prove that V' = v. To see this, consider
the Black—Scholes hedging strategy 7 of the derivative security g(X ?x):

T
v(t, x) +/ 7y - odW, = g(X5Y).
t

Since g has linear growth, it follows that 7 € H?. We also observe that the random
variable In X ;x is gaussian, so that the function v can be written in

1 _l(wfx+%az(’r7t))2
v(t,x) = /g(ew)—e 2 oVT—t dw.

V2roX (T — 1)

Under this form, it is clear that v is a smooth function. Then the above hedging
portfolio is given by

g = X1 % DV(s, X™).

Notice that, for all £ € U s

A8y (€) —v(t, xe™) = E [/\5(/(5) -8 (XtT’XeM)]

is nondecreasing in A by applying (8.29) to ¢ which, by definition, satisfies x
Dg(x) € U forall x € R‘i. Then, x x Dg(x) € U, and therefore the above
replicating portfolio 7 takes values in U. Since ¢ > g, we deduce from (8.30) that
v>V.

8.2 Stochastic Target Problem with Controlled Probability
of Success

In this section, we extend the above problem to the case where the target has to be
reached only with a given probability p:

V(. x,p):= inf{y e Ry : P [Y}’X’y’v > g(X7*")] = p for some v € Up} .
(8.32)
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In order to avoid degenerate results, we restrict the analysis to the case where the Y
process takes non-negative values, by simply imposing the following conditions on
the coefficients driving its dynamics:

b(t,x,0,u) >0 forall(t,x) € S,ueU. (8.33)
Notice that the above definition implies that
0="V(0) <V <Vl =V, (8.34)

and

V(.,p) = 0 for p < 0and V(.,p) =o0 forp>1, (8.35)

with the usual convention inf @ = oo

8.2.1 Reduction to a Stochastic Target Problem

Our first objective is to convert this problem into a (standard) stochastic target
problem, so as to apply the geometric dynamic programming arguments of the
previous section.

To do this, we introduce an additional controlled state variable:

s
PP = p +/ a, -dW,, fors e [t,T], (8.36)
t

where the additional control o is an F—progressively measurable R —valued
process satisfying the integrability condition E [ fOT |05S|2ds] < o0o. We then set

= (X.P),S :=[0.T) x R? x (0,1), U := U x R?, and denote by I/ the
corresponding set of admissible controls. Finally, we introduce the function:

G(R,y):=1seup—p foryeR, 2:=(x,p) R x[0,1].
Proposition 8.7. Forallt € [0,T] and X = (x, p) € R? x [0, 1], we have
Vt.%) = inf{y eERy : G ()2 9 YTt’x’y’V) > 0 for some b = (v, ) € Z:l} .
Proof. We denote by v(z, x, p) the value function appearing on the right hand.
We first show that V > v. For y > V(t x,p), we can find v € U such

that py := P[Y; ™" > g(X 7*")] = p. By the stochastic integral representation
theorem, there exists an [F-progressively measurable process « such that

T T
t,po.o 2
I{Y;,x,y,uzg(x;x,u)} = po +/{ oy -dW, = PT"0 and E [/{ |og | dsi| < 0.
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Since py > p, it follows that 1 (V15 g (X)) > P}Jw’ and therefore y >
v(t, x, p) from the definition of the problem v.

We next show that v > V. For y > v(t, x, p), we have G (X", Y5 =0
for some ¥ = (v, @) € . Since Pt‘fp is a martingale, it follows that

P [Yyt:x,y,v > g(X}xV)] = [I{Y;.X.y.uzg(xézx.v)}:l >E [ij:p,a] = p,

which implies that y > I}(t, x, p) by the definition of V. O

Remark 8.8. 1. Suppose that the infimum in the definition of I}(t X, p) is achieved
and there exists a control v € Uy satisfying P[¥Y;""" > ¢ (X3*")] = p, the
above argument shows that:

PSf’Pq“ =P [Y},x,y,v >g (X;-’X’V)

]-'S] forall s € [1, T].

2. Itis easy to show that one can moreover restrict to control « such that the process
PP takes values in [0, 1]. This is rather natural since this process should
be interpreted as a conditional probability, and this corresponds to the natural
domain [0, 1] of the variable p. We shall however avoid to introduce this state
constraint, and use the fact that the value function 17(-, p) is constant for p < 0
and equal oo for p > 1, see (8.35).

8.2.2 The Dynamic Programming Equation

The above reduction of the problem V to a stochastic target problem allows to apply
the geometric dynamic programming principle of the previous section, and to derive
the corresponding dynamic programming equation. For it = (u, @) € Uand £ =
(x,p) € RY x[0,1], set

A, i) = (“(f)’ ”)), 6 = ("(;‘;”)).

For (y,q, A) e Rx Rt x Sy and it = (u, @) € U,
Nf‘(t,)%,y,q) =u—06(,%,u)g = N"(t,x,qx) —gpo for g = (qx.q,) e RIxR,
and we assume that

u+— N"(t,x,q,) is one to one, with inverse function ¥ (¢, x, g, ). (8.37)
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Then, by a slight extension of Theorem 8.5, the corresponding dynamic
programming equation is given by

0=—a,V +sup {b(., V(. DV, aD,V)) — (o vr(.. Dy V.aD,V)).DyV
1 ’ W2 N2 T
—3Tr I:U(.,I//(.,DXV,O{DPV)) va]
1 . . . )
_EazDﬁv_aa(.,w(.,DXV,aD,,V))DXPV}.

The application in the subsequent section will be only making use of the supersolu-
tion property of the stochastic target problem.

8.2.3 Application: Quantile Hedging in the Black—Scholes
Model

The problem of quantile hedging was solved by Follmer and Leukert [21] in the
general model of asset prices process (non-necessarily Markovian), by means of
the Neyman—Pearson lemma from mathematical statistics. The stochastic control
approach developed in the present section allows to solve this type of problems in
a wider generality. The objective of this section is to recover the explicit solution
of [21] in the context of a complete financial market where the underlying risky
asset prices are not affected by the control:

u(x,u) = u(x) and o(x,u) = o(x) are independent of u, (8.38)

where p and o are Lipschitz-continuous, and o (x) is invertible for all x.
Notice that we will be only using the supersolution property from the results of
the previous sections.

The Financial Market The process X, representing the price process of d risky
assets, is defined by X* = x € (0, 00)?, and

dX = X % o (X)) (M(XY)ds + dW,) ,where A := o' .

We assume that the coefficients y and o are such that X' € (0, 00)? P—a.s. for
all initial conditions (¢, x) € [0, T] x (0, 00)“. In order to avoid arbitrage, we also
assume that o is invertible and that

sup A (x)] < oo. (8.39)

x€(0,00)4
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The drift coefficient of the controlled process Y is given by:
b(t,x,y,u) = u-A(x). (8.40)

The control process v is valued in U = R?, with components vl indicating the
dollar investment in the i-th security at time s. After the usual reduction of the
interest rates to zero, it follows from the self-financing condition that the liquidation
value of the portfolio is given by

s
Yy =y —i—/ v o (XEY) (A(X‘f’x)ds + dWS), s>t
t

The Quantile Hedging Problem The quantile hedging problem of the derivative
security g(X }’X) is defined by the stochastic target problem with controlled proba-
bility of success:

V(t,x,p):=inf{y e Ry : P[Y""" > g(X}")] > p for some v € Uy} .
We shall assume throughout that 0 < g(x) < C(1 + |x|) forall x € Ri. By the
usual buy-and-hold hedging strategies, this implies that 0 < V(¢, x) < C(1 + |x|).
_ Under the above assumptions, the corresponding super hedging cost V(z, x) :=
V (¢, x,1) is continuous and is given by

Ve, x) = E¥" [g(X5:9)],

where Q' is the P-equivalent martingale measure defined by

d t,x 1 T T
= ow (=g [ nopas— [ -am).
t t

dpP
In particular, V is a viscosity solution on [0, T') x (0, 00)? of the linear PDE:
1
0=—0,V—Tr [(x*0)’D3V]. (8.41)
For later use, let us denote by
we=w +/ AXN)ds, s € [t, T,
t

the Q"*-Brownian motion defined on [z, T'].

The Viscosity Supersolution Property By the results of the previous section, we
have Vi is a viscosity supersolution on [0, T") x R‘jr x [0, 1] of the equation
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0 < —0,Vs — ~Tr 0242 D2V
= =0V — E r{o"x"D Vx

N ~ 1 N
— inf (—aw,,v* +Tr [aanx,,V*] + §|a|2D]2,V*). (8.42)

acR4
The boundary conditions at p = 0 and p = 1 are immediate:

Vi(-,1) = V and Vi(-,0) = 0 on [0, T] x R%. (8.43)
We next determine the boundary condition at the terminal time ¢ = 7.

Lemma 8.9. Forall x € R% and p € [0, 1], we have Vi (T, x, p) > pg(x).

Proof. Let (t,, x,, ps)n be asequencein [0, T') xRﬁ_ % (0, 1) converging to (7, x, p)
with I}(tn,x,,,p,,) — V*(T,x,p), and consider y, = I}(tn,xn,p,,) + 1/n. By
definition of the quantile hedging problem, there is a sequence (v, ;) € Uy such
that

Iy pn
{Y}n-xm}'ml)n_g(X;ZI»Xn)ZO} 2 PT{‘ Pn n‘

1
This implies that
Y}nsxnsYnsVn > P?,pn,ang(X?xn).
Taking the expectation under Q™+, this provides:
yo 2 Y [ = B [Pl g(xg)]
= E[Ly™ Pp 7 g(xp™)],

where we denote L7 = exp (— ftnT A(X ) - AW, — %frnT |A(X§"’X")|2ds).
Then
yn 2 ]E [P;lhpn,dng(x)] + E [P;_nqpn,dn (Ltjlz,xng(Xé,],xn) _ g(x))]
= pug(x) + B[Py (L3 g(X7™) — g(x))]
> pug(x) —E [Py L7 g (X7 — g(0)]]. (8.44)

where we used the fact that P™P»* is a nonnegative martingale. Now, since this
process is also bounded by 1, we have

E [P}ns]’nsan

Ly g(Xp™) —g)|] <E[|Ly " g(Xp™) — g(x)|]] — 0
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as n — 00, by the stability properties of the flow and the dominated conver-
gence theorem. Then, by taking limits in (8.44), we obtain that Vi (T, x, p) =
lim, 00 yu > pg(x), which is the required inequality. O

An Explicit Minorant of V The key idea is to introduce the Legendre-Fenchel
dual of Vi with respect to the p—variable in order to remove the non-linearity
in (8.42):

v(t,x,q) := sup {pq - V*(t,x, p)} ,(t,x,q) €0, T] x (0, oo)d x R. (8.45)
PER

By the definition of the function 17, we have

v(.,q) = oo forg < 0andv(.,q) = sup {pq - V*(.,p)} forg > 0. (8.46)
p€o0,1]

Using the above supersolution property of Ve, we shall prove below that v is an
upper-semicontinuous viscosity subsolution on [0, T') x (0, 00)¢ x (0, cc) of

1 1
—9,v— ETr [0*x*D}v] — 3 |/\|2q2D§v —Tr[AoxDyv] <0 (8.47)

with the boundary condition

W(T,x,q) < (q—g(x)". (8.48)

Since the above equation is linear, we deduce from the comparison result an explicit
upper bound for v given by the Feynman-Kac representation result:

w(t.x,q) <t x.q) = E%= [( LY _ g(X;"))+] , (8.49)

on [0, T] x (0, 00)? x (0, 00), where the process Q¥ is defined by the dynamics

t.x.q

de—Xq = A(X'%)-dW2" and Q"¥(1) = ¢ € (0. 00). (8.50)
N

Given the explicit representation of v, we can now provide a lower bound for the
primal function v by using (8.46).

We next deduce from (8.49) a lower bound for the quantile hedging problem
V. Recall that the convex envelope V™" of Vi with respect to p is given by the
bi-conjugate function

V" (t, x, p) = sup {pg — v(t,x,q)}
q
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and is the largest convex minorant of I}* Then, since |4 > I}*, it follows from (8.49)
that

V(t.x,p) = Vilt.x.p) > sup{pq —v(t.x.q)}. (8.51)
q

Clearly the function v is convex in g and there is a unique solution g (t, x, p) to the
equation

v
7) — Qix r.x,1 _
g tx=E [QT I{Q’~X~q(T)zg<X%*)}]
=P [Q’T’“‘"? > g(X?“‘)] =p (8.52)

where we have used the fact that dP/dQ"* = QfT’X'l. Then the maximization on the
right hand side of (8.51) can be solved by the first order condition, and therefore

&(ts-xs ]7) = PQ(tsxs p)_‘_)(tsxs(i(lvxvp))
= Qt.x t,xl
—‘I(I’x’p)@_E [ 7 Naexmop'= g(X%*)}])
Qt.
B (2O o0y

l.x t, .
= EQ I:g(X X)l{q(txp)QtYl>g(X;-'X)}] = y(t,x, p)

The Explicit Solution We finally show that the above explicit minorant y (7, x, p)
is equal to V (¢, x, p). By the martingale representation theorem, there exists a
control process v € U such that

tx,y(tx,p)v _ L
Yy = & (X7") Lo ppop ' secxin}-

Slnce]P’[q(Z X, p)OL > g(X;X)] — p, by (8.52), this implies that V' (z, x, p) <
y(t, x, p).

Proof of (8.47) and (8.48). First note that the fact that v is uppersemlcontmuous on
[0, T] x (0, 00)? x (0, o) follows from the lower semicontinuity of V. and the rep-
resentation in the right-hand side of (8.46), which allows to reduce the computation
of the sup to the compact set [0, 1]. Moreover, the boundary condition (8.48) is an
immediate consequence of the right-hand side inequality in (8.43) and (8.46) again.

We now turn to the subsolution property inside the domain. Let ¢ be a smooth
function with bounded derivatives and (¢, X0, go) € [0, T) x (0, 00)¢ x (0, 00) be a
local maximizer of v — ¢ such that (v — ¢) (9, X9, go) = O.

(i) We first show that we can reduce to the case where the map g — ¢(-,q)
is strictly convex. Indeed, since v is convex, we necessarily have D, ¢(fo, X0, qo)
> 0. Given ¢, > 0, we now define ¢, ; by ¢, , (¢, x,q) := @(t,x,q) + ¢|q —
qol> + nlg — qol*(Ilg — qol> + |t — 10> + |x — xo|?). Note that (70, X0, o)
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is still a local maximizer of U — ¢, ,. Since Dg,¢(o, X0,490) > 0, we have
D yq®en(to. X0, q0) > 2& > 0. Since ¢ has bounded derivatives, we can then
choose 7 large enough so that D ¢., > 0. We next observe that, if ¢,
satisfies (8.47) at (o, xo,qo) for all ¢ > 0, then (8.47) holds for ¢ at this
point too. This is due to the fact that the derivatives up to order two of ¢, , at
(0, X0, qo) converge to the corresponding derivatives of ¢ as ¢ — 0.

(ii)) From now on, we thus assume that the map g + ¢(-, q) is strictly convex. Let
¢ be the Fenchel transform of ¢ with respect to ¢, i.e.,

@(t, x, p) :=sup{pq — o(t,x,q)} .
g€R

Since ¢ is strictly convex in g and smooth on its domain, ¢ is strictly convex in
p and smooth on its domain. Moreover, we have

(p([sxsq) = Sug{pq _(;Z(vav p)} = J(Z,X,q)(] —qb(t,x, J(l,x,q))
pPE

on (0, T) x (0,00) x (0,00) C int(dom(¢)), where ¢ — J(-,q) denotes the
inverse of p = D ,@(-, p) recall that ¢ is strictly convex in p.

We now deduce from the assumption go > 0 and (8.46) that we can find
po € [0, 1] such that v(y, X0, g0) = poqo — Vx«(to, X0, po) wWhich, by using the very
definition of (¢, X¢, po, qo) and v, implies that

0 = (Va — @)(to. Xo. po) = (local) min(Vx — §) (8.53)
and
@(10, X0, 90) = sup{pqo — ¢(to, X0, p)} (8.54)
PER

= poqo — @(to. X0, po) wWith po = J(to, X0, q0). (8.55)

where the last equality follows from (8.53) and the strict convexity of the map p —
Ppqo — ¢(t, X0, p) in the domain of ¢.

We conclude the proof by discussing three alternative cases depending on the
value of pg

e If po € (0,1), then (8.53) implies that ¢ satisfies (8.42) at (o, xo, po) and the
required result follows by exploiting the link between the derivatives of ¢ and
the derivatives of its p-Fenchel transform ¢, which can be deduced from (8.53).

e If po = 1, then the first boundary condition in (8.43) and (8.53) imply that
(t0, x0) is a local minimizer of 17*( 1) —¢(,1) =V —@(,1) such that (V —
@ (-, 1))(t0, x0) = 0. This implies that ¢(:, 1) satisfies (8.41) at (¢, xo) so that ¢
satisfies (8.42) for @ = 0 at (¢, xo, po). We can then conclude as in 1. above.
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e If pp = 0, then the second boundary condition in (8.43) and (8.53) imply that
(to, x0) is a local minimizer of Vs (-,0) — ¢(-,0) = 0 — @(-,0) such that 0 —
@(-,0)(tp, x0) = 0. In particular, (¢, xo) is a local maximum point for ¢(-, 0)
so that (3,¢, D@)(to, x0,0) = 0 and D.,@(t, X9, 0) is negative semi-definite.
This implies that ¢(-,0) satisfies (8.41) at (o, x¢) so that ¢ satisfies (8.42) at
(0, X0, po), for « = 0. We can then argue as in the first case. O



Chapter 9
Second Order Stochastic Target Problems

In this chapter, we extend the class of stochastic target problems of the previous
section to the case where the quadratic variation of the control process v is involved
in the optimization problem. This new class of problems is motivated by applications
in financial mathematics.

We first start by studying in details the so-called problem of hedging under
gamma constraints. This simple example already outlines the main difficulties. By
using the tools from viscosity solutions, we shall first exhibit a minorant for the
superhedging cost in this context. We then argue by verification to prove that this
minorant is indeed the desired value function.

We then turn to a general formulation of second-order stochastic target problems.
Of course, in general, there is no hope to use a verification argument as in the
example of the first section. We therefore provide the main tools in order to
show that the value function is a viscosity solution of the corresponding dynamic
programming equation.

Finally, Sect. 9.3 provides another application to the problem of superhedging
under illiquidity cost. We will consider the illiquid financial market introduced by
Cetin et al. [8], and we will show that our second-order stochastic target framework
leads to an illiquidity cost which can be characterized by means of a nonlinear PDE.

9.1 Superhedging Under Gamma Constraints

In this section, we focus on an alternative constraint on the portfolio w. For
simplicity, we consider a financial market with a single risky asset. Let Z;(w) :=
S, 17, (w) denote the vector of number of shares of the risky assets held at each
time 7 and w € 2. By definition of the portfolio strategy, the investor has to adjust
his strategy at each time 7, by passing the number of shares from Z, to Z,14,. His
demand in risky assets at time ¢ is then given by “dZ,”.
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In an equilibrium model, the price process of the risky asset would be pushed
upward for a large demand of the investor. We therefore study the hedging problem
with constrained portfolio adjustment.

However, market practitioners only focus on the diffusion component of the
hedge adjustment dZ;, which is given by the so-called gamma, i.e., the Hessian of
the Black—Scholes prices. The gamma of the hedging strategy is an important risk
control parameter indicating the size of the replacement of the hedging portfolio
induced by a stress scenario, i.e., a sudden jump of the underlying asset spot price.
A large portfolio gamma leads to two different risks depending on its sign:

— A large positive gamma requires that the seller of the option adjusts his hedging
portfolio by a large purchase of the underlying asset. This is a typical risk that
traders want to avoid because then the price to be paid for this hedging adjustment
is very high and sometimes even impossible because of the limited offer of
underlying assets on the financial market.

— A negative gamma induces a risk of different nature. Indeed, the hedger has the
choice between two alternative strategies: either adjust the hedge at the expense
of an outrageous market price, or hold the Delta position risk. The latter buy-
and-hold strategy does not violate the hedge thanks to the (local) concavity of
the payoff (negative gamma). There are two ways to understand this result: the
second-order term in the Taylor expansion has a sign in favor of the hedger, or
equivalently, the option price curve is below its tangent which represents the buy-
and-hold position.

This problem turns out to present serious mathematical difficulties. The analysis
of this section provides a solution of the problem of hedging under upper bound on
the gamma in a very specific situation. The lower bound on the gamma introduces
more difficulties due to the fact that the nonlinearity in the “first guess” equation is
not elliptic.

9.1.1 Problem Formulation

We consider a financial market which consists of one bank account, with constant
price process S? = 1 for all 7 € [0, T], and one risky asset with price process
evolving according to the Black—Scholes model:

1
S, = S exp (—502(1 —u)+o(W, — Wu)) , t=ux=T.

Here, W is a standard Brownian motion in R defined on a complete probability
space (£2, F, P). We shall denote by F = {F;,0 < ¢ < T} the P-augmentation of
the filtration generated by W'.
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Observe that there is no loss of generality in taking S as a martingale, as one
can always reduce the model to this case by judicious change of measure. On the
other hand, the subsequent analysis can be easily extended to the case of a varying
volatility coefficient.

We denote by Z = {Z,, t < u < T} the process of number of shares of
risky asset S held by the agent during the time interval [¢, T']. Then, by the self-
financing condition, the wealth process induced by some initial capital y, at time ¢,
and portfolio strategy Z is given by:

Y, = y+/ Z,dS,, t<u<T.
t

In order to introduce constraints on the variations of the hedging portfolio Z, we
restrict Z to the class of continuous semimartingales with respect to the filtration [F.
Since F is the Brownian filtration, we define the controlled portfolio strategy
Zz,oz,]" by

zzel = z+/ o, dr +/ LodW,, t<u<T, 9.1)
t t
where z € R is the time 7 initial portfolio and the control pair (o, I") are bounded
progressively measurable processes. We denote by B, the collection of all such
control processes.
Hence, a trading strategy is defined by the triple v := (z,«, ') with z € R and
(o, I') € B,. The associated wealth process, denoted by Y ”, is given by

YV =y +/ ZdS,, t=<u<T, (9.2)
t

where y is the time ¢ initial capital. We now formulate the gamma constraint in the
following way. Let I" < 0 < I" be two fixed constants. Given some initial capital
y € R, we define the set of y-admissible trading strategies by

AL T)y={v=(p.al)eRxB : [ <[ <T}.

As in the previous sections, we consider the super-replication problem of some
European-type contingent claim g(S7)

v(t.S;) :==inf{y : Y7 > g(Sr) as. forsome v € A, (", T)}. 9.3)

Remark 9.1. The above set of admissible strategies seems to be very restrictive.
We will see later that one can possibly enlarge, but not so much! The fundamental
reason behind this can be understood from the following result due to Bank and
Baum [1] and restated here in the case of the Brownian motion:
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Lemma 9.2. Let ¢ be a progressively measurable process with fol | |2dt < oo,
P—a.s. Then for all ¢ > 0, there is a process ¢° with d¢; = aidt for some

. ol
progressively measurable a® with fo |of|dt < oo, P—a.s. such that

1 1
sup H/ ¢tth—/ graw;
t<l1 0 0

Given this result, it is clear that without any constraint on the process « in the
strategy v, the superhedging cost would be obviously equal to the Black—Scholes
unconstrained price. Indeed, the previous lemma says that one can approximate
the Black—Scholes hedging strategy by a sequence of hedging strategies with zero
gamma without affecting the liquidation value of the hedging portfolio by more
that €.

<eé.

]LOO

9.1.2 Hedging Under Upper Gamma Constraint

In this section, we consider the case

I’ = —oo and we denote A, (I") := A, (—o0, T).
Our goal is to derive the following explicit solution: v(¢, S;) is the (unconstrained)
Black—Scholes price of some convenient face-lifted contingent claim g(S7), where
the function g is defined by

2(s) = h*(s) + I'slns with h(s) := g(s) — I'slns,

and /™ denotes the concave envelope of /. Observe that this function can be
computed easily. The reason for introducing this function is the following:

Lemma 9.3. g is the smallest function satisfying the conditions
(i) ¢ = g,and (ii)) s —> g(s) — I'slns is concave.

The proof of this easy result is omitted.

Theorem 9.4. Let g be a lower-semicontinuous mapping on R with
s +—> g(s) — C slns convex for some constant C. 9.4)
Then the value function (9.3) is given by

v(t,s) = E; [ (St)] forall (t,s) €0,T) x (0,00).
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Discussion 1. We first make some comments on the model. Intuitively, we expect
the optimal hedging portfolio to satisfy

Zu = Vs(“a Su)a

where v is the minimal superhedging cost. Assuming enough regularity, it follows
from Itd’s formula that

dZ, = Audu+ oS,.vss(u, S,)dW,,

where A(u) is given in terms of derivatives of v. Compare this equation with (9.1)
to conclude that the associated gamma is

ﬁu =S, Vss(u, Su)

Therefore, the bound on the process I" translates to a bound on sVv,s. Notice that,
by changing the definition of the process I" in (9.1), we may bound v, instead
of sv,s. However, we choose to study sv, because it is a dimensionless quantity,
i.e., if all the parameters in the problem are increased by the same factor, svg;
still remains unchanged.

2. Intuitively, we expect to obtain a similar type solution to the case of portfolio
constraints. If the Black—Scholes solution happens to satisfy the gamma con-
straint, then it solves the problem with gamma constraint. In this case v satisfies
the PDE —d,v — Lv = 0. Since the Black—Scholes solution does not satisfy the
gamma constraint, in general, we expect that the function v solves the variational
inequality

min {—BIU —Lv, T — sv”} =0. (9.5)

3. An important feature of the log-normal Black and Scholes model is that the
variational inequality (9.5) reduces to the Black—Scholes PDE —d,v — Lv = 0 as
long as the terminal condition satisfies the gamma constraint (in a weak sense).
From Lemma 9.3, the face-lifted payoff function g is precisely the minimal
function above g which satisfies the gamma constraint (in a weak sense). This
explains the nature of the solution reported in Theorem 9.4, namely, v(¢, S;) is
the Black—Scholes price of the contingent claim g (S7).

Dynamic Programming and Viscosity Property. We now turn to the proof of
Theorem 9.4. We shall denote

(e, s) == Ei [ (ST)].
It is easy to check that ¥ is a smooth function satisfying

9, +LV = O0andsdy, < T on[0,7T) x (0,00) . (9.6)
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1. We start with the inequality v < v. Fort < u < T, we set
z = v(t,8), ay = (0 + L)V (u, Sy), I, := Suvss(u, Sy),
and we claim that
(@,) € Biand " < T, 9.7)

so that the corresponding control v = (y,a, I') € A, (I"). Before verifying this
claim, let us complete the proof of the required inequality. Since g < g, we have

g(Sr) < &(Sr) = v(T,Sr)

T
5(t. S)) + / (3, + L£)p(u, Sy)du + D (u, S,)dS,
t

T
.8, +/ Z7dS,;
t

in the last step, we applied 1t6’s formula to ¥;. Now, observe that the right hand
side of the previous inequality is the liquidation value of the portfolio started from
the initial capital (¢, S;) and using the portfolio strategy v. By the definition of
the superhedging problem (9.3), we conclude that v < 7.

It remains to prove (9.7). The upper bound on I" follows from (9.6). As for
the lower bound, it is obtained as a direct consequence of condition (9.4). Using
again (9.6) and the smoothness of ¥, we see that 0 = {(9; + L)V} = (0; + L)Vs +
025V, so that @ = —o 2T is also bounded.

2. The proof of the reverse inequality v > ¥ requires much more effort. The main
step is the following (half) dynamic programming principle.

Lemma9.5. Let y € R, v € A,(T") be such that Y > g (Sr) P—a.s. Then
Yey’v >v(0,Sy), P—a.s.

for all stopping times 6 valued in [t, T).

The proof of this claim is easy and follows from the same argument than the
corresponding one in the standard stochastic target problems of the previous chapter.

We continue by stating two lemmas whose proofs rely heavily on the above
dynamic programming principle and will be reported later. We denote as usual by
v« the lower-semicontinuous envelope of v.

Lemma 9.6. The function vy« is a viscosity supersolution of the equation
—(0; + L)vs = 00n[0,T) x (0, 0).

Lemma 9.7. The function s — vy (t,s) — I's Ins is concave for all t € [0, T].

Before proceeding to the proof of these results, let us show how the remaining
inequality v > ¥ follows from it. Given a trading strategy in A, (I"), the associated
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wealth process is a square integrable martingale, and therefore a supermartingale.
From this, one easily proves that v«(7,s) > g(s). By Lemma 9.7, v«(T,-) also
satisfies requirement (ii) of Lemma 9.3, and therefore

vi(T,") > 8.

In view of Lemma 9.6, v, is a viscosity supersolution of the equation —Lv, = 0 and
v«(T,-) = g. Since ¥ is a viscosity solution of the same equation, it follows from the
classical comparison theorem that v, > V.

Hence, in order to complete the proof of Theorem 9.4, it remains to prove
Lemmas 9.6 and 9.7.

Proof of Lemmas 9.6 and 9.7. We split the argument in several steps:

1. We first show that the problem can be reduced to the case where the controls
(o, I') are uniformly bounded. For ¢ € (0, 1], set

A ={v=0.a.l)eAT): ()| + IO <"},
and

ve(t, Sy) = inf{y 0 Y > g(S7) P —as. forsome v € 7\;} .

Let v% be the lower-semicontinuous envelope of v°. It is clear that v* also satisfies
the dynamic programming equation of Lemma 9.5.
Since

vi(t,s) = liminfa vé(z,5) = liminf V(7. s'),
e—>0,(t/,s")—>(t,5)

we shall prove that
— (9, + £)v* = 0 in the viscosity sense, (9.8)

and the statement of the lemma follows from the classical stability result of
Theorem 6.8.

2. We now derive the implications of the dynamic programming principle of
Lemma 9.5 applied to v*. Let ¢ € C*°(R?) and (t. so) € (0., T) x (0, 0o) satisfy

= (v —90)(10750)—(”) 1 (1—90);

in particular, we have v > ¢. Choose a sequence (f,,s,) — (t,So) so that
V¥ (t,, sy) converges to v (f, so). For each n, by the definition of v* and the
dynamic programming, there are y, € Vo (tn, Sn), Vo (tn, Sn) + 1/n], hedging
strategies v, = (zy, o, ) € .A _ satisfying

Y = (6. Sg,) = 0
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for every stopping time 6, valued in [t,, T']. Since v* > V& > ¢,
9}1
Vn +/ ZmdS, — ¢ (0,,Sq,) = 0.
T
Observe that
Bn = yun—@(ty,s,) —> 0 asn —> oo.
By 1t6’s formula, this provides
My < Dg + B, (9.9)

where

t
M= / (050t + 16, Sy 1) — Y., ]Sy 1
0

2
i

!
. —/ 0 + Lyo(ty + u, Si,+u)du .
0

We now choose conveniently the stopping time 6,. For all 4~ > 0, define the
stopping time

0, := (ty + h) ninf{u > t, : |[In(S,/s,)| > 1}.

3. By the smoothness of L, the integrand in the definition of M” is bounded up to
the stopping time 6, and therefore taking expectation in (9.9) provides

tAOy
_Etnasn [/ (at + ‘C)(p(tﬂ + u, Stn+M)du] 2 _ﬂﬂ
0

We now send 7 to infinity, divide by /, and take the limit as 2 \ 0. The required
result follows by dominated convergence.

4. It remains to prove Lemma 9.7. The key-point is the following result, which is a
consequence of Theorem 5.5.

Lemma 9.8. Let ({aZ, u> 0});1 and ({b,’}, u> O})n be two sequences of real-
valued, progressively measurable processes that are uniformly bounded in n. Let
(tn, sn) be a sequence in [0, T')x (0, 00) converging to (0, s) for some s > 0. Suppose
that

ta AT, u u
M/, = / (Cn +/ ardr +/ bde,) ds,
In Iy Iy

< B.+CtArr,
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for some real numbers ($,)n, (Bn)n, and stopping times (t,)n > t,. Assume further
that, as n tends to infinity,

Bn — Oandt ANt, —t ATy P —a.s.,

where 1 is a strictly positive stopping time. Then

(1) lim, 00 ¢, = 0.
(i) lim,—g essinfo<, <, by < 0, where b be a weak limit process of (b, ).

5. We now complete the proof of Lemma 9.7. We start exactly as in the previous
proof by reducing the problem to the case of uniformly bounded controls, and
writing the dynamic programming principle on the value function v*.

By a further application of Itd’s lemma, we see that

t u u
M, (1) = / (gn T / a'dr + / b;’ds,n+,) dS, +u (9.10)
0 0 0

where
Cn 1= @5(tn, Sn) — 2n,
a(r) := (0 + Lyps(tn + 1, S, +r) —ap 4.1,

n
1—;11 +r

ty+r

f = (pss(tn +r, Sl‘,,+r) -

Observe that the processes a.n/\e,, and b_”A@,1 are bounded uniformly in 7 since (d; +
L)p, and @y, are smooth functions. Also since (d; +L)¢ is bounded on the stochastic
interval [z, 6,], it follows from (9.9) that

Mg <CtAO, + By

for some positive constant C. We now apply the results of Lemma 9.8 to the
martingales M". The result is

lim z, = @s(f, yo) and limess inf b, < 0,
n—o00 t—0 O0<u<t

where b is a weak limit of the sequence (b,). Recalling that I'"(t) < T, this
provides that

—50@ss (to, o) + ' > 0.

Hence, V5 is a viscosity supersolution of the equation —s(vs)ss + T > 0, and the
required result follows by the stability result of Theorem 6.8. O
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9.1.3 Including the Lower Bound on the Gamma

We now turn to our original problem (9.3) of superhedging under upper and lower
bounds on the gamma process.

Following the same intuition as in point 2 of the discussion subsequent to
Theorem 9.4, we guess that the value function v should be characterized by the
PDE:

F(s, 0;u, uss) := min {—(3, + Lyu, T — sugg, Sitgg — L} =0,

where the first item where the first item of the minimum expression says that the
value function should be dominating the Black—Scholes solution, and the two next
ones inforce the constraint on the second derivative.

This first guess equation is however not elliptic because the third item of the
minimum is increasing in us;. This would divert us from the world of viscosity
solutions and the maximum principle. But of course, this is just a guess, and
we should expect, as usual in stochastic control, to obtain an elliptic dynamic
programming equation.

To understand what is happening in the present situation, we have to go back
to the derivation of the DPE from dynamic programming principle in the previous
subsection. In particular, we recall that in the proof of Lemmas 9.6 and 9.7, we
arrived at the inequality (9.9):

Mé/lll S Dgﬂ + ﬂn’

where

t
D;l = —/ (8, + ﬁ)g{)(tn —+ u, St”+u)dlxl,
0

and M, is given by (9.10), after an additional application of It6’s formula,

t u u
M, (1) = / (gn + / a'dr + / bde,mL,) dS, 1u .
0 0 0

with

Zn = (Ps(tnysn) — Zn,
a’(r) = (0 + L)ps(tn + 1, Sp,4r) — ) 41

n 1—;‘”+r
br = @ss(tn +r, St”-f—r) I
St,,+r

To gain more intuition, let us suppress the sequence index n, set 8, = 0, and take
the processes a and b to be constant. Then, we are reduced to the process
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to+t b t
M(t) = C(Sto-l—t - Sto) +a / (Lt - IO)dSu + E ((Sfo-‘rf - Sfo)z - / UZSuZdu) .

to to
This decomposition reveals many observations:

* The second term should play no role as it is negligible in small time compared to
the other ones.

e The requirement M(.) < D(.) implies that b < 0 because otherwise the third
term would dominate the other two ones, by the law of iterated logarithm of
the Brownian motion, and would converge to +oo violating the upper bound D.
Since b < 0and I” < I' < T, this provides

L <s@y—sh, <T.

e We next observe that, by taking the liminf of the third term, the squared difference
(Sy+¢ — Si,)? vanishes. So we may continue as in Step 3 of the proof of
Lemmas 9.6 and 9.7, taking expected values, normalizing by 4, and sending &
to zero. Because of the finite variation component of the third term ftf) oS fdu,
this leads to

1 b
—0;0 — Eazsz%s — %azs2

o
IA

1
= _atqo - Eo-zsz((pss + bt())'

Collecting the previous inequalities, we arrive at the supersolution property:

ﬁ'(s, 00, @ss) = 0,

where

F (5,00, ¢s5) = sup F(s,9,0, ¢s5 + B).
B=0

A remarkable feature of the nonlinearity F is that it is elliptic! In fact, it is easy to
show that F' is the smallest elliptic majorant of F. For this reason, we call F the
elliptic majorant of F.

The above discussion says all about the derivation of the supersolution property.
However, more conditions on the set of admissible strategies need to be imposed in
order to turn it into a rigorous argument. Once the supersolution property is proved,
one also needs to verify that the subsolution property holds true. This also requires
to be very careful about the set of admissible strategies. Instead of continuing this
example, we shall state without proof the viscosity property, without specifying the
precise set of admissible strategies. This question will be studied in details in the
subsequent paragraph, where we analzse a general class of second-order stochastic
target problems.
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Theorem 9.9. Under a convenient specification of the set A(I',T), the value
function v is a viscosity solution of the equation

F(s.0,v.v5) =00n [0,T) x Ry

9.2 Second Order Target Problem

In this section, we introduce the class of second-order stochastic target problems
motivated by the hedging problem under gamma constraints of the previous section.

9.2.1 Problem Formulation

The finite time horizon T € (0, co) will be fixed throughout this section. As usual,
{W.}ie0,1) denotes a d-dimensional Brownian motion on a complete probability
space (2, F, P) and F = (F;);¢[0,1] the corresponding augmented filtration.

State Processes. We first start from the uncontrolled state process X defined by the
stochastic differential equation

t t
X, =x +/ ,u(Xu)du+/ o(X,)dw,, t els,T].
N N

Here, i and o are assumed to satisfy the usual Lipschitz and linear growth
conditions so as to ensure the existence of a unique solution to the above SDE.
We also assume that o (x) is invertible for all x € R¢.

The control is defined by the R?-valued process {Z; }ieps,7) of the form

t t

Z, = z+/ A,dr +/ LdX5 1 € [s. T, ©.11)
t t

L=y +/ a,dr +/ £dX5", 1 €[5, T, (9.12)

where {I7},¢[;.7) takes values in S 4 Notice that both Z and I" have continuous
sample paths, a.s.

Before specifying the exact class of admissible control processes Z, we introduce
the controlled state process Y defined by

dY, = f(t. X}" Y, Zo L) di + Z0dXSS, €[5, T), (9.13)
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with initial data Yy = y. Here, o denotes the Fisk—Stratonovich integral. Due to
the form of the Z process, this integral can be expressed in terms of standard It6
integral:

, S |
Z, 0dX = Z, - dXSF + ETr[oTaF,]dt.

The function £ : [0, T) x R x R x R x §¢ — R, appearing in the controlled state
equation (9.13), is assumed to satisfy the following Lipschitz and growth conditions:

(Al) Forall N > 0, there exists a constant Fy such that

|f(l,x,y,Z,)/)_f(l,x,y/,Z,)/” = Fle_y/l

forall (t,x,y,2.7) € [0,T] x RY x R xR? x S, y' € R satisfying

max{|x], |y[.[y].|z]. Iy} = N.

(A2) There exist constants F' and p > 0 such that
|/ x,y,z.9)| = F(L+ [x]? 4+ [y[ + [2” + |y|7)

forall (t,x,y,2,y) €[0,T] x RY x R x RY x &,
(A3) There exists a constant ¢y > 0 such that

f(ts-xsy/szv J/) _f(tvxvyvzs )’) > _("O(yl_y)forevery yl > Vs

and (t,x,z2,y) € [0,T) x RY x R? x S9.

Admissible Control Processes As outlined in Remark 9.1, the control processes
must be chosen so as to exclude the possibility of avoiding the impact of the gamma
process by approximation.

We shall fix two constants B, b > 0 throughout, and we refrain from indexing all
the subsequent classes of processes by these constants. For (s, x) € [0, 7] x R?, we
define the norm of an F—progressively measurable process { H, };¢[s.7] by,

| Hi|
sup

H|Bl .= —_—
|| |s,x SstsT 1+|XtY,X|B

Lo

For all m > 0, we denote by Afy’,’fb be the class of all (control) processes Z of the

form (9.11), where the processes 4, a, § are F-progressively measurable and satisfy:

1ZII2® <m,  |T|E* <m,  |§182 <m, (9.14)

sx =

IAIZY <m, a|Bb <m. (9.15)

sx =
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The set of admissible portfolio strategies is defined by

be(0,1] m=0
The Stochastic Target Problem. Let g : RY — R be a continuous function
satisfying the linear growth condition,

(A4) g is continuous, and there exist constants G and p such that
lg(x)| < G(1 + |x|?) forallx e R?.

For (s, x) € [0, T] x R?, we define:

Vs, x) = inf{y eR: Y7 > g(X5), P — as. for some Z € A“'*x} )

9.17)

9.2.2 The Geometric Dynamic Programming

As usual, the key ingredient in order to obtain a PDE satisfied by our value function
V' is the derivation of a convenient dynamic programming principle obtained by
allowing the time origin to move. In the present context, we have the following
statement which is similar to the case of standard stochastic target problems.

Theorem 9.10. For any (s,x) € [0, T) x R?, and a stopping time t € [s, T},

V(s.x) =inf{y eR: Y}*"% >V (1. X}¥), P—a.s. for some Z € A™*}.
(9.18)

The proof of this result can be consulted in [37]. Because the processes Z and I"
are not allowed to jump, the proof is more involved than in the standard stochastic
target case, and uses crucially the nature of the above defined class of admissible
strategies A°**.

To derive the dynamic programming equation, we will split the geometric
dynamic programming principle in the following two claims:

(GDP1) Forall e > 0, there exist y. € [V(s,x), V(s,x) + €] and Z. € A** s.t.
Yo% = v (0, X)), P—as. (9.19)

(GDP2) Forall y < V(s,x) and every Z € A**,

P I:Yes,x,y,Z >V (97X0"‘)] < 1. (9.20)
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Notice that (9.18) is equivalent to (GDP1) and (GDP2). We shall prove that
(GDP1) and (GDP2) imply that the value function V is a viscosity supersolu-
tion and subsolution, respectively, of the corresponding dynamic programming
equation.

9.2.3 The Dynamic Programming Equation

Similar to the problem of hedging under gamma constraints, the dynamic program-
ming equation corresponding to our second-order target problem is obtained as the
parabolic envelope of the first guess equation:

— v+ f (,v,Dv,D>) =0o0n[0,T) x RY, (9.21)
where
fx.yzy)=sup f(t.x.y.z2y+p) (9.22)
pes.

is the smallest majorant of f which is nonincreasing in the y argument and is called
the parabolic envelope of f. In the following result, we denote by V* and Vi the
upper- and lower-semicontinuous envelopes of V:

Vi(t, x) := ( lim inf )V(t/,x/) and V*(¢,x) := limsup V(',x)

t/ x')—>(t,x ' ,x")—>(t,x)

for (¢, x) € [0, T] x RY.

Theorem 9.11. Assume that V' is locally bounded, and let conditions (A1-A4) hold
true. Then V is a viscosity solution of the dynamic programming equation (9.21)
on [0,T] x RY, ie., Vi and V* are, respectively, viscosity super-solution and
subsolution of (9.21).

Proof of the Viscosity Subsolution Property. Let (¢), x9) € Q and ¢ € C* (Q)
be such that

0= (V" =9)(to,x0) > (V" —@)(t.x) forQ> (z,x) # (fo,x0).  (9.23)

In order to show that V* is a subsolution of (9.21), we assume to the contrary, i.e.,
suppose that there is § € Sj’_ satisfying

ad
- 3_(f(t0’x0) + f (to. x0. ¢(to, x0). De(to. X0). D*p(t. x0) + B) > 0.  (9.24)

We will then prove the sub-solution property by contradicting (GDP2).
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(i) Set
V(2. x) == @(t,x) + B(x — xo0) - (x — xo),
h(t,x) == —%—Itp(t,x) + f (6, x, ¥ (t,x), DY (2, x), D>y (t,x)).

In view of (9.24), h(ty, xo) > 0. Since the nonlinearity f is continuous and ¢
is smooth, the subset

N = {(t,x) € QN By(ty, xp) : h(t,x) >0}

is an open bounded neighborhood of (zy, x¢). Here, B (%, xo) is the unit ball
of Q centered at (fy, xo). Since (¢, x¢) is defined by (9.23) as the point of strict
maximum of the difference (V* — ¢), we conclude that

—n:= vV — 0. 9.25
n %x( Q) < ( )
Next, we fix A € (0, 1), and choose (f, )2) so that

(1.%) e N, |x—x0|</\n,and|V ((.%) =@ (7. %)

< An. (9.26)

~

Set X := X' and define a stopping time by
f = mf{ S, %) ¢N}

Then, 6 > 7. The path-wise continuity of X implies that (6, X, 9) € ON. Then,
by (9.25),

V*(0. Xo) < 0(0, Xg) — 1. (9.27)
(ii) Consider the control process
2:= DY (i.R), A= LDY (@, X)) (1) and [} := D2y (1, X)15,(0)
so that, fort € [f, 9],

A

Zt :: / A dr+/ Fer - DW(l‘ Xt)
t

Since N is bounded and ¢ is smooth, we directly conclude that 7 e AE,

(iii) Set y < V(7,%), Y, = Yt +5.2 and ¥, = v, X,f) Clearly, the process ¥
is bounded on [7, ]. For later use, we need to show that the process Y is also
bounded. By definition, Y < W;. Consider the stopping times

~

ro:=inf{tzz:qft=ﬁ},
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and, with N := n~!,

We will show that for a sufficiently large N, both 79 = 7, = 6. This proves
that as ¥, Y is also bounded on [7, 6].

Set 0 := O AToA 7,. Since both processes ¥ and ¥ solve the same stochastic
differential equation, it follows from the definition of A/ that for 7 € [f , é]

a(w 1) = | G0 = 1 (1502 1) a
<[/ (n%0w 2 ) = 7 (0 X000 20 1) o
< Fy (% -7,)dr,
by the local Lipschitz property (A1) of f. Then
0<¥—Y; < (lI/A—Y) FNT < ||;3||,x2 ExTp2(9.28)
where the last inequality follows from (9.26). This shows that, for A sufficiently

small, 0 < 7;, and therefore the difference ¥ — Y is bounded. Since ¥ is
bounded, this implies that Y is also bounded for small n.

(iv) In this step we will show that for any initial data
$ e [V(E, %) — An, V(i %)),
we have Yo > V(0, Xg). This inequality is in contradiction with (GDP2) as
YA = § < V({, %). This contradiction proves the subsolution property.
Indeed, using § > V(i,%) —Anand V < V* < ¢ together with (9.25)

and (9.26), we obtain the following sequence of inequalities:

Yo = V(8. X¢) = Yo — (6. Xo) + 1
~ 0 A A
- p@. 5+ + [ [af, - dot. %)
t
9 A A A~ A
= =20+ [ [f (Kb 2o F)
t
+ Z, 0dX, — dqo(t,)?,)]

20(1—2A)+§ﬂ()29—x).()29—x)
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0 A A A A A A A
[ 7 (n R B2 )+ 20X, - ap %)
i

0
t
+ Z,0dX, —dw(z,)?,)],

where the last inequality follows from the nonnegativity of the symmetric
matrix 8. We next use 1td’s formula and the definition of NV to arrive at

0
Bo=V(6.80) = n(1-200+ [ [ £ R0 B0 2o S0 0 22 .
t

In the previous step, we prove that Y and ¥ are bounded, say by N. Since the
nonlinearity f is locally bounded, we use the estimate (9.28) to conclude that

N A 1
Ty = v (6. 85) = n(1=20) = SIBITFNe™ 220> = 0
for all sufficiently small A. This is in contradiction with (GDP2). Hence, the

proof of the viscosity subsolution property is complete.

Proof of the Viscosity Supersolution Property. We first approximate the value
function by

V' (s, x) := inf{y € R | 3Z € A%" so that Y7 > g(X3™), a.s.}.

Then, similar to (9.20), we can prove the following analogue statement of (GDP1)
for V'

(GDP1m)  For every ¢ > 0 and stopping time 6 € [s, T, there exist Z, € A
and y, € [V"(s,x), V" (s, x) + €] such that Yéy’x’ys’zs > V(6. X5).

Lemma 9.12. V)" is a viscosity supersolution of (9.21). Consequently, Vi is a
viscosity supersolution of (9.21).

Proof. Choose (to, x0) € [s,T) x R? and ¢ € C®([s, T) x R?) such that

0=V —9)to,x0) = min (V" —9),x).
(t,x)€[s, T)XR4

Let (¢,,xs)n>1 be a sequence in [s,T) x R? such that (¢,,x,) — (t,xo) and
V™ (ty, xn) — V' (fo, Xo). There exist positive numbers &, — 0 such that for

Yn = V" (ty, Xn) + €n, there exists Z" € Aln*r with

Yr > g(X7).
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where we use the compact notation (X", Y") = (X% Y n-¥n2nZ") and
r r
z' =2 +/ A’;du+/ rrdxe,
I

In
"=y, +/ aZdu—i—/ gdx;), rel,T]
t'I tl'l

n

Moreover, |z,|, |Vx] < m(1 + |x,|?) by assumption (9.14). Hence, by passing to
a subsequence, we can assume that z;, — zp € RY and Yn = Yo € S?. Observe
that o, := y, — @(t,, x,) — 0. We choose a decreasing sequence of numbers
8, € (0,T —t,) such that §, — 0 and v, /8, — 0. By (GDP1m),

Yo s, Z V"t 480 X))
and therefore
Yt:+8,, — Vn + o, = (Y (tn + 8)17 Xl‘},l1+5n) - (P(fmxn)’

which, after two applications of It6’s formula, becomes

th+0n
o + / (f(r. X2.Y". Z0 ) — gy(r. X)) dr
tn

+ (a0 — D@ltu. x0)) + (X 15, — Xn)
tn 45 r !
+ / (/ (A" — LD g(u, XL’:)]du) odX/
in In

th+0, r /
+ / ( / (" — D?p(u, X;})]dx;j) odX! > 0. (9.29)
In In
It is shown in Lemma 9.13 that the sequence of random vectors

51 ft:1+8n [f(r, X", Y, Z", T") — @, (r, X")]dr
—1/2; vn
& (X7 45, — %l

571 0+ (7 14z - LDt X;)]du)' odX?
I
5! [t ( ST — D, X;})]dx;;) odX?"

n>1,  (9.30)

converges in distribution to

f (0, x0, ¢(to. X0). 20, Y0) — @ (to. Xo0)
o (xo) Wi
0 . 9.31)

%I’Vl -0 (x0)™ (yo — D?¢(t0. X0)) 0 (x0) Wi
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Set n, = |z, — Do(t,, x,)|, and assume 8,,_1/27;,1 — oo along a subsequence. Then,
along a further subsequence, 7, ' (z, — D@(t,, x,)) converges to some 19 € RY with

Ino| = 1. (9.32)

—1/2 _
n/ﬂnl

Multiplying inequality (9.29) with § and passing to the limit yields

o - o (xo) Wi >0,

which, since o (xo) is invertible, contradicts (9.32). Hence, the sequence (8, v 277,1)
has to be bounded, and therefore, possibly after passing to a subsequence,

5’1—1/2[2}1 — Dg(ty. x,)] converges to some & € R,

It follows that zo = De(ty, xo). Moreover, we can divide inequality (9.29) by §,
and pass to the limit to get

f(to, x0, 9(to. X0). Do(to, x0), Y0) — @ (fo, X0)

1
+ & -o(xo) W1 + EWI -0 (x0) [yo — D*¢(to, xo)|o(xo) Wy > 0. (9.33)

Since the support of the random vector W; is R¢, it follows from (9.33) that
S (20, X0, ¢(to. X0), De(t0, x0). Yo) — ¢ (fo. Xo)

1
+&0 - o (xo)w + v o (x0) [yo — D*¢(to. )]0 (xo)w > 0,
for all w € RY. This shows that

£ (t0, xo, ¢(to, X0), D(to, X0), v0) — @:(to, Xo) > 0 and B := yo — D (to, x0) > 0,
and therefore,

—@(to, x0) + sup [ (to. Xo. (to. Xo), Dg(to. X0). D*¢(to. x0) + B) > 0.
Besy

This proves that V™ is a viscosity supersolution.
Since by definition,

V =inf V™,

by the classical stability property of viscosity solutions, Vi is also a viscosity
supersolution of the DPE (9.21). In fact, this passage to the limit does not fall exactly
into the stability result of Theorem 6.8, but its justification follows the lines of the
proof of stability, the interested reader can find the detailed argument in Corollary
5.5in[12]. O

Lemma 9.13. The sequence of random vectors (9.30), on a subsequence, converges
in distribution to (9.31).
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Proof. Define a stopping time by
T, = 1inf{r > t, : X} ¢ Bi(x0)} A (tn + 8,) .

where Bj(x) denotes the open unit ball in R? around x,. It follows from the fact
that x, — xo that

Plt, <t, +68,] =0

so that in (9.30), we may replace the upper limits of the integrations by 7, instead
of t, + 6,.

Therefore, in the interval [t,, 7,], the process X” is bounded. Moreover, in view
of (9.15)so are Z", I'", and &".

Step 1. The convergence of the second component of (9.30) is straightforward and
the details are exactly as in Lemma 4.4 [13].

Step 2. Let B be as in (9.14). To analyze the other components, set

An
An,* ‘= sup I ul -
uelym) 1+ 1 X7

so that, by (9.15),
||An’* ”L(l/”’)(Q,P) <m. (934)

Moreover, since on the interval [¢,, 7,], X" is uniformly bounded by a deterministic
constant C(x) depending only on x,

‘AZ‘ < C(xp) A"* < C(xg)m, Y u € t,, 0.

(Here and below, the constant C(x() may change from line to line.) We define a”-*
similarly. Then, it also satisfies the above bounds as well. In view of (9.15), also a"-*
satisfies (9.34). Moreover, using (9.14), we conclude that £} is uniformly bounded
by m.

u’

estimates of the previous step, we directly calculate that

Step 3. Recall that dI')' = aydu + &;dX)!, I’ = y,. Using the notation and the

n n
sup | —yul < C(x0)8na™™ + / g ' du| + / E'o (X)W,
tE[ty,th] ty ty
=1+ + 1.
Then,

E[(I})] < E ( / |s;:|2|o|2du) < 8, m*C(x0)2.
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Hence, I3 converges to zero in L?. Therefore, it also converges almost surely on a
subsequence. We prove the convergence of /} using similar estimates. Since a"*
satisfies (9.34),

E[(NY™] = (C()8) ™ Efla™*| ™) < (C(x)8,) ™ m.

Therefore, /] converges to zero in L/™ and consequently on almost surely on a
subsequence.

Hence, on a subsequence, I}" is uniformly continuous. This together with
standard techniques used in Lemma 4.4 of [13] proves the convergence of the first
component of (9.30).

Step 4. By integration by parts,
7 t Tn n
/ / AydudX]' = (X — X;)/ Alldu —/ (X, — X)) A,du.
ty ty th ty
Therefore,

< C(xo) sup |X/'—X|A"™.

t€[ty . Tu)

1 Tn t
— / / Adud X
8" th Iy

Also X" is uniformly continuous and A"-* satisfies (9.34). Hence, we can show that
the above terms, on a subsequence, almost surely converge to zero. This implies the
convergence of the third term.

Step 5. To prove the convergence of the final term, it suffices to show that

1 Tn t
= [ = vlaxzeax;
8” th Iy

converges to zero. Indeed, since y, — o, this convergence together with the
standard arguments of Lemma 4.4 of [13] yields the convergence of the fourth
component.

Since on [t,,, 7,] X" is bounded, on this interval |o(X")| < C(x). Using this
bound, we calculate that

C(X())4 th+6, t .
52 / / E [l[tnsfn] IFu - ynlz] du dr
n In In

IA

E[(J")]

IA

C(Xo)4E[ sup |1 — anz} =: C(x0)'E [(")*].

tE[[,,,-(”]

In Step 3, we proved the almost sure convergence of " to zero. Moreover, by (9.14),
|e"| < m. Therefore, by dominated convergence, we conclude that J” converges to
zero in L2. Thus almost everywhere on a subsequence. O
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9.3 Superhedging Under Illiquidity Cost

In this section, we analyze the superhedging problem under a more realistic model
accounting for the market illiquidity. We refer to [9] for all technical details.

Following Cetin et al. [8] (CJP, hereafter), we account for the liquidity cost by
modeling the price process of this asset as a function of the exchanged volume. We
thus introduce a supply curve

S(St,l)),

where v € R indicates the volume of the transaction, the process S; = S (S;,0)
is the marginal price process defined by some given initial condition S(0) together
with the Black—Scholes dynamics:

ds
?’ = odW,, (9.35)

t
where as usual the prices are discounted, i.e. expressed in the numéraire defined by
the nonrisky asset, and the drift is omitted by a change of measure.

The function S : Ry x R — R is assumed to be smooth and increasing in v.
S(s, v) represents the price per share for trading of size v and marginal price s.

A trading strategy is defined by a pair (Z°, Z) where Z? is the position in cash
and Z, is the number of shares held at each time 7 in the portfolio. As in the previous
paragraph, we will take the process Z in the set of admissible strategies A"* defined
in (9.16), whenever the problem is started at the time origin # with the initial spot
price s for the underlying asset.

To motivate the continuous-time model, we start from discrete-time trading
strategies. Let 0 = fyp < .-+ < t, = T be a partition of the time interval [0, T],
and denote 8§y (#;) := ¥ (t;) — ¥(t—) for any function . By the self-financing
condition, it follows that

8Z) +8Z,S(S,.8Z,) = 0,1<i <n.

Summing up these equalities, it follows from direct manipulations that
Z) + ZrSr = Z3 + ZoSo — ) _ 1828 (S, 8Z,) + (ZoSo — Zr S1)]
i=1
n
=Z0+ ZoSo— Y _8Z,,S;, + (ZoSo — Z1St)]

i=1

— Y 82, [8(8,.8Z,) =S4

i=1

=Z0+ ZoSo+ > Zi, 88, — Y 8Z, [S(S,.8Z,) = S,].
i=1 i=1

(9.36)
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Then, the continuous-time dynamics of the process
Y:=2"+2ZS

are obtained by taking limits in (9.36) as the time step of the partition shrinks to
zero. The last sum term in (9.36) is the term due to the liquidity cost.

Since the function v — S(s, v) is assumed to be smooth, it follows from the
form of the continuous-time process Z in (9.11) that:

t t
4
Y, =Y, +/ ZudSu—/ ——d(Z), (9.37)
T ) Swp(s) 14
t t 4 ) 5
=Y Z,dS, — r .S, S, du, 9.38
0+/0 /oe(su) 262, S,) Sudt 9.38)

where £ is the liquidity function defined by

S —1
£(s):=s (—(s,O)) . (9.39)
av

The above liquidation value of the portfolio exhibits a penalization by a linear term
in I'?, with coefficient determined by the slope of the order book at the origin. This
type of dynamics falls into the general problems analyzed in the previous section.

Remark 9.14. The supply function S(s, v) can be inferred from the data on order
book prices. We refer to [10] for a parametric estimation of this model on real
financial data.

In the context of the CJP model, we ignore the illiquidity cost at the maturity
date T, and we formulate the super-hedging problem by:

V(t,s) := inf {y : va’z > g(S7"), P —a.s. for some Z € A”S}. (9.40)

Then, the viscosity property for the value function V' follows from the results of the
previous section. The next result says more as it provides uniqueness.

Theorem 9.15. Assume that V is locally bounded. Then, the super-hedging cost V
is the unique viscosity solution of the PDE problem

—a,V — %UZSH((—Z) V(sVis)) =0, V(T.)=¢g (9.41)
—C <V(t,s) <C( +s), (t,5) € [0, T] xRy, forsomeC >0, (9.42)

where H(y) ==y + ﬁyz.

We refer to [9] for the proof of uniqueness. We conclude this section by some
comments.
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Remark 9.16. 1. The PDE (9.41) is very similar to the PDE obtained in the problem
of hedging under Gamma constraints. We observe here that —¢ plays the same
role as the lower bound I” on the Gamma of the portfolio. Therefore, the CJP
model induces an endogenous (state-dependent) lower bound on the Gamma of
the portfolio defined by £.

2. However, there is no counterpart in (9.41) to the upper bound I" which induced
the face-lifting of the payoff in the problem of hedging under Gamma constraints.



Chapter 10
Backward SDEs and Stochastic Control

In this chapter, we introduce the notion of backward stochastic differential equation
(BSDE hereafter) which allows to relate standard stochastic control to stochastic
target problems. More importantly, the general theory in this chapter will be
developed in the non-Markovian framework. The Markovian framework of the
previous chapters and the corresponding PDEs will be obtained under a specific
construction. From this viewpoint, BSDEs can be viewed as the counterpart of PDEs
in the non-Markovian framework.

However, by their very nature, BSDEs can only cover the subclass of standard
stochastic control problems with uncontrolled diffusion, with corresponding semi-
linear DPE. Therefore, a further extension is needed in order to cover the more
general class of fully nonlinear PDEs, as those obtained as the DPE of standard
stochastic control problems. This can be achieved by means of the notion of second-
order BSDEs which are very connected to second-order target problems. We refer
to Cheridito et al. [13] and Soner et al. [38] for this extension.

10.1 Motivation and Examples

The first appearance of BSDEs was in the early work of Bismut [6] who was extend-
ing the Pontryagin maximum principle of optimality to the stochastic framework.
Similar to the deterministic context, this approach introduces the so-called adjoint
process defined by a stochastic differential equation combined with a final condition.
In the deterministic framework, the existence of a solution to the adjoint equation
follows from the usual theory by obvious time inversion. The main difficulty in the
stochastic framework is that the adjoint process is required to be adapted to the given
filtration, so that one cannot simply solve the existence problem by running the time
clock backward.

A systematic study of BSDEs was started by Pardoux and Peng [32]. The
motivation was also from optimal control which was an important field of interest

N. Touzi, Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE, 149
Fields Institute Monographs 29, DOI 10.1007/978-1-4614-4286-8__10,
© Springer Science+Business Media New York 2013
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for Shige Peng. However, the natural connections with problems in financial
mathematics were very quickly realized, see Elkaroui et al. [18]. Therefore, a large
development of the theory was achieved in connection with financial applications
and crucially driven by the intuition from finance.

10.1.1 The Stochastic Pontryagin Maximum Principle

Our objective in this section is to see how the notion of BSDE appears naturally in
the context of the Pontryagin maximum principle. Therefore, we are not intending
to develop any general theory about this important question, and we will not make
any effort in weakening the conditions for the main statement. We will instead
considerably simplify the mathematical framework in order for the main ideas to
be as transparent as possible.

Consider the stochastic control problem

Vo := sup Jo(v) where Jo(v) := E[g(X})].

vEU(

the set of control processes U is defined as in Sect. 3.1, and the controlled state
process is defined by some initial date X and the SDE with random coefficients:

dX) = b(t, X, v)dr +o(t, X}, v,)dW,.

Observe that we are not emphasizing the time origin and the position of the state
variable X at the time origin. This is a major difference between the dynamic
programming approach, developed by the American school, and the Pontryagin
maximum principle approach of the Russian school.

For every u € U, we define:

L*(t,x,y,2) :=b(t,x,u)-y+Tr [U(I,x, u)Tz] ,

so that

L“(t,x,y,2) aL"(t,x,y.z2)

b(t,x,u) = 3y and o (¢, x,u) = 3
Z

We also introduce the function

L(t,x,y,z) :=sup L“(t,x,,2),

uel

and we will denote by H? the space of all F—progressively measurable processes
with finite I.? ([0, T'] x Q,df ® dP) —norm.
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Theorem 10.1. Let v € Uy be such that

(i) There is a solution (}A’,Z) in H? of the backward stochastic differential
equation:

dY, = =V, L(t, X,,Y,, Z,)dt + Z,dW,, and Yr = Vg(Xr) (10.1)

where X 1= X°
(ii) D satisfies the maximum principle:

L (t, X0, Y2, Z0) = £t, X0, Yy, Z0). (10.2)
(iii) The functions g and £(t, ., y, z) are concave, for fixed t, y, z, and
VoL (6, Xy Vio Z0) = Vil(t, Xi Ve, Z,). (103)

Then Vy = Jy(), i.e., V is an optimal control for the problem V.

Proof. For an arbitrary v € Uy, we compute that
Jo(®) = Jo(v) = E[g(X7) = g(X}) |
> E[(Xr - X})- Ve(Xn)]
—E [(XT — X ?T]
by the concavity assumption on g. Using the dynamics of X and Y, this provides
T A A
Jo(0) = Jo(v) = E [/ d{(X7 — X7)- YT}:|
0
T A A
ZE[/ (b(t,X[,ﬁ[)—b(t,Xtu,vt))‘)][dt
0
—(X, = X)) -V L(t, X,.Y;, Z;)de
+Tr |:(a(t, X,.0)—o(t. X/, v,))TZ,:| dt:|
T A A A A A A
= E[/ (LY (¢, X1, Yy, Z) — LV (t, X, Y, Z1)
0
—(X, = X")- VL' (. X,. 7, Z,f))dz],

where the diffusion terms have zero expectations because the processes Y and Z
are in H?. By Conditions (ii) and (iii), this implies that
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T
Jo(®) = Jo(v) = E [ / (€. R0 B0 20) — €01, X, ¥ 2)
0

~(%, —x,v>-vxe<r,;e,,ﬁ,z,>)dr}
>0

by the concavity assumption on £. O
Let us comment on the conditions of the previous theorem.

— Condition (ii) provides a feedback definition to . In particular, D, is a function
of (t, X Y. Z ¢). As a consequence, the forward SDE defining X depends on the
backward component (? .z ). This is a situation of forward-backward stochastic
differential equation which will not be discussed in these notes.

— Condition (10.3) in (iii) is satisfied under natural smoothness conditions. In the
economic literature, this is known as the envelope theorem.

— Condition (i) states the existence of a solution to the BSDE (10.1), which will be
the main focus of the subsequent section.

10.1.2 BSDEs and Stochastic Target Problems

Let us go back to a subclass of the stochastic target problems studied in Chap. 8
defined by taking the state process X independent of the control Z which is assumed
to take values in R?. For simplicity, let X = W. Then the stochastic target problem
is defined by

Vo 1= inf{¥ : Y7 > g(Wr), P —a.s. for some Z € ]I-]Iz} ,
where the controlled process Y satisfies the dynamics:

dY? = b(t, W,,Y,, Z;)dt + Z, - dW,. (10.4)

If existence holds for the latter problem, then there would exist a pair (Y, Z) in H2
such that

T
Yot [ bW Y20t + 2, aW] = g W), P as.
0

If in addition equality holds in the latter inequality, then (Y, Z) is a solution of the
BSDE defined by (10.4) and the terminal condition Y7 = g(Wr), P—a.s.
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10.1.3 BSDEs and Finance

In the Black—Scholes model, we know that any derivative security can be perfectly
hedged. The corresponding superhedging problem reduces to a hedging problem,
and an optimal hedging portfolio exists and is determined by the martingale
representation theorem.

In fact, this goes beyond the Markovian framework to which the stochastic target
problems are restricted. To see this, consider a financial market with interest rate
process {r;,t > 0} and d risky assets with price process defined by

ds, = S * (u,dt + o, dW;).

Then, under the self-financing condition, the liquidation value of the portfolio is
defined by

dYt” = rth”dt + ;07 (dm + A.[dt), (105)

where the risk premium process A; := o, (14, — ;1) is assumed to be well defined,
and the control process 7; denotes the vector of holdings amounts in the d risky
assets at each point in time.

Now let G be a random variable indicating the random payoff of a contract. G
is called a contingent claim. The hedging problem of G consists in searching for a
portfolio strategy 7 such that

Yi =G, P—as. (10.6)

We are then reduced to a problem of solving the BSDE (10.5)—(10.6). This problem
can be solved very easily if the process A is so that the process { W, + f(; Agds,t > 0}
is a Brownian motion under the so-called equivalent probability measure Q. Under
this condition, it suffices to get rid of the linear term in (10.5) by discounting, then
7 is obtained by the martingale representation theorem in the present Brownian
filtration under the equivalent measure Q.

We finally provide an example where the dependence of Y in the control variable
Z is nonlinear. The easiest example is to consider a financial market with different
lending and borrowing rates r, < 7;. Then the dynamics of liquidation value of the
portfolio (10.5) is replaced by the following SDE:

dY[ = Ti; * O—[(du/[ + Atd[)(Y[ — T - 1)+£t - (th — Ty * 1)_7[. (107)
As a consequence of the general result of the subsequent section, we will obtain

the existence of a hedging process 7 such that the corresponding liquidation value
satisfies (10.7) together with the hedging requirement (10.6).
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10.2 Wellposedness of BSDEs

Throughout this section, we consider a d —dimensional Brownian motion W on a
complete probability space (2, F, ), and we denote by F = F" the corresponding
augmented filtration.

Given two integers n,d € N, we consider the mapping

F:0,TIx Q2 xR xR — R

that we assume to be P ® B(R"*"?)—measurable, where P denotes the o —algebra
generated by predictable processes. In other words, for every fixed (y,z) € R" x
R"*4  the process { f;(,z).t € [0, T]} is F—predictable.

Our interest is on the BSDE:

dY, = —fi(Y;, Z,)dt + Z,dW, and Y7 = &, P — as. (10.8)

where £ is some given Fr—measurable r.v. with values in R".
We will refer to (10.8) as BSDE( f, £). The map f is called the generator. We
may also re-write the BSDE (10.8) in the integrated form:

T T
Yl‘ = g +/ fS(YYa Zs)ds _/ stWw t f T , P — a.s. (109)
t t

10.2.1 Martingale Representation for Zero Generator

When the generator f = 0, the BSDE problem reduces to the martingale
representation theorem in the present Brownian filtration. More precisely, for
every £ € LL2(R", Fr), there is a unique pair process (¥, Z) in H?(R" x R"*)
satisfying (10.8):

Y, := E[£|F] = E[§] + /0 Z,aw,

T
=g—/ Z,dW,.
t

Here, for a subset £ of R¥, k € N, we denoted by HZ(E ) the collection of all
F—progressively measurable I?([0, 7] x , Leb ® P)—processes with values in E.
We shall frequently simply write H? keeping the reference to £ implicit.

Let us notice that Y is a uniformly integrable martingale. Moreover, by the
Doob’s maximal inequality, we have
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1Y%, = E[suplmz} <J4E[|Y7’] = 4lZ|3p- (10.10)

t<T

Hence, the process Y is in the space of continuous processes with finite S>—norm.

10.2.2 BSDE:s with Affine Generator

We next consider a scalar BSDE (n = 1) with generator
fiyv.2)i=a+by+c -z, (10.11)

where a, b,andc are F—progressively measurable processes with values in R, R,

and RY, respectively. We also assume that b, ¢ are bounded and E [ fOT |a,|2dt]
< 00.

This case is easily handled by reducing to the zero generator case. However, it
will play a crucial role for the understanding of BSDEs with generator quadratic in
z, which will be the focus of the next chapter.

First, by introducing the equivalent probability Q ~ P defined by the density

d r 17
g = exp / ¢ - dW, — —/ le,|?de ),
dP 0 2 Jo

it follows from the Girsanov theorem that the process B; := W; — fot cgds defines a
Brownian motion under Q. By formulating the BSDE under Q,

le‘ = _(a[ =+ b[)’[)dt + Zt ° dBl‘?

we have reduced to the case where the generator does not depend on z. We next get
rid of the linear term in y by introducing

Y, := Y,eh 5% o that dY, = —a,e0 5%ds 4 Z,elo b9, .

Finally, defining
= J— t u
Y, =7, +/ a,el S du,
0

we arrive at a BSDE with zero generator for Y, which can be solved by the
martingale representation theorem under the equivalent probability measure Q.
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Of course, one can also express the solution under P:

T
Y, =E [r;g +/ Ila,ds
t

-7:t:| Lt =T,
where

N 1 N N
I :=exp (/ budu—E/ |cu|2du+/ cu.dWM), 0<r<s<T (10.12)
t t t

10.2.3 The Main Existence and Uniqueness Result

The following result was proved by Pardoux and Peng [32].

Theorem 10.2. Assume that { £,(0,0),t € [0,T]} € H? and, for some constant
C >0,

i) = £V )] =Cly =y |+ z=2]). df @ dP —a.s.

forallt € [0, T) and (y,z), (y',7) € R" x R™_ Then, for every & € 1.2, there is a
unique solution (Y, Z) € S? x H? to the BSDE( f, ).

Proof. Denote S = (Y, Z), and introduce the equivalent norm in the corresponding
H? space:

T
1S :=E[/ e“'(|n|2+|zt|2)dz]
0

where « will be fixed later. We consider the operator
¢:s=(yz) eH— 8§ =(Y* Z%

defined by:

T T
Yts = S +/ fu(yuyzu)du_/ Z,; -dW,, t = T.
t t

1. First, since | fu,(yuzu)| < | £u(0,0)] + C(|yul + |zu]), we see that the process
{fuOu.z),u < T} is in H? Then S° is well defined by the martingale
representation theorem and S* = ¢ (s) € H>.

2. Fors,s' € H2, denote §s := s —s', 88 := S — 8% and §f := f£,(S%) — f;(S*).
Since §Y7r = 0, it follows from Itd’s formula that
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T T
e |8Y, > + / |8 Z,|*du = / e (28Y, - 8f, — a|8Y,|*) du
t t
T
-2 / e(8Z,)"8Y, - dW,.
t
In the remaining part of this step, we prove that
M = / e*(8Z,)'8Y, - dW, is a uniformly integrable martingale, (10.13)
0
so that we deduce from the previous equality that

T T
E [ew|3Y,|2 +/ e“"|5zu|2du} = E[/ e (28Y, - 8f, — |8, ) du:|.
t t

(10.14)

To prove (10.13), we verify that sup, . |M;| € LL'. Indeed, by the Burkholder-
Davis-Gundy inequality, we have

T 1/2
E[sup |Mt|] <CE / e2|8Y, 218 Z. |2 du
t<T 0

T 1/2

C'E |:sup |8Y,| (/ |52M|2du) }
u<T 0

C/ 2 r 2
— [E|[sup|6Y,|]" | + E |6Z,|7du | | < oo.
2 u<T 0

3. We now continue estimating (10.14) by using the Lipschitz property of the
generator:

IA

IA

T
E[eme,P +/ e“"|82u|2du]
t

IA

T
B [ e (~alBT,? + C2sY,I(Bw + 182)
t

IA

T
E |:/ e (—a|8Y,* + C(218Y.ul*+&2(I8yul + [8241)%)) du:|
t
for any & > 0. Choosing C&? = «, we obtain:
T T2
E [emwmz +/ e“”|8Zu|2du:| <E U e —(|8yul + |8zu|)2dui|
t t o

C2
<2—|8sl3-
o
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This provides

C?
1815 <2— ||5S||2 and [[8Y 3

where we abused notation by writing ||§Y ||, and ||6 Z ||, although these processes
do not have the dimension required by the definition. Finally, these two estimates

imply that
2C?
185 Te =/ ==+ T)|185]la-

By choosing o > 2(1 + T)C?, it follows that the map ¢ is a contraction on H?,
and that there is a unique fixed point.
4. It remain, to prove that Y € S2. This is easily obtained by first estimating:

T
IE|:sup|Y,|2:| <C (|Y0|2+E|:/ |ft(thZt)|2dti|
1<T 0
vu [ an[ ).

and then using the Lipschitz property of the generator and the Burkholder-Davis-
Gundy inequality. O

Remark 10.3. Consider the Picard iterations:
(Y°,Z% = (0,0), and
T T
v =g [ nortzhas s [z am,
t

t

Given (Y*, Z¥), the next step (Y¥+!, Z*¥*1) is defined by means of the martingale
representation theorem. Then, S¥ = (Y*,Z%) — (¥, Z) in H?> as k — oo.
Moreover, since

k

2C?
Is0 < (2 +1)

it follows that ), [|S ¥ll¢ < oo, and we conclude by the Borel-Cantelli lemma that
the convergence (Y*, Z¥) — (Y, Z) also holds df ® dP—a.s.
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10.3 Comparison and Stability

Theorem 10.4. Let n = 1, and let (Y, Z') be the solution of BSDE(f',£") for
some pair (€, 1) satisfying the conditions of Theorem 10.2,i = 0, 1. Assume that

E'> & and 1Y, Z°%) > £°(Y), Z0), dt ® AP — a.s. (10.15)

Then Yt1 > Yto, t €[0,T], P—a.s.
Proof. We denote

§Y =Y'—Y° §2:=2"-2° 6§, f = fL(¥°, 2% — fOY°, 2%,
and we compute that
d@Yy) = — (Y, + B - 8Z, + 8o fr)dt + 8Z, - AW, (10.16)

where

oo L Zh = f oz
- 57,

L5y, 03,

and, for j =1,....,d,

g N2 e 2 - (Y2 @ 20)
pi = 5207 (62,7 #0}p°

where §Z%/ denotes the j-th component of §Z°, and for every 2°,7! € RY, 7! @ i
D= (M for0< j < d, @ =20 g 20 =2

Since f!is Lipschitz-continuous, the processes o and B are bounded. Solving
the linear BSDE (10.16) as in Sect. 10.2.2, we get

T
5Y, = ]E[F}8YT + / I8 fudu

t

‘E}?th’

where the process I'! is defined as in (10.12) with (8o f; «, ) substituted to (a, b, ¢).
Then Condition (10.15) implies that §Y > 0, P—a.s. O

Our next result compares the difference in absolute value between the solutions
of the two BSDEs and provides a bound which depends on the difference between
the corresponding final datum and the generators. In particular, this bound provides
a transparent information about the nature of conditions needed to pass to limits
with BSDEs.
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Theorem 10.5. Let (Y, Z') be the solution of BSDE(f', £") for some pair (f', ")
satisfying the conditions of Theorem 10.2,i = 0, 1. Then

Y =Yl% + 12" = Z°15 = C (1" = &°I5 + I = fOHX Z0]5) .

where C is a constant depending only on T and the Lipschitz constant of f.

Proof. We denote §& := £'—£°,8Y :=Y'—Y° §f = fFL(¥', ZYH)— FOY°, Z9),
and Af := f!' — f° Given a constant 8 to be fixed later, we compute by Itd’s
formula that

T
HISY, P = T |5 + / e (287, - 8, — |8Z> — BISY. ) du

t
T
+2 / e$Z18Y, - dW,.
t

By the same argument as in the proof of Theorem 10.2, we see that the stochastic
integral term has zero expectation. Then

t

T
P8, = [eﬁT|5g|2 + / P (28Y, - 8f, — 8Z.)* — BISY.|?) dui| ,

(10.17)

where E, := E[.|F;]. We now estimate that, for any ¢ > 0,

28Y, - 8f, < eV 18V + l8f;]?
< &8V + (C(8Yul + 8Zu]) + |A£u(Y2, Z0)))
< e 8Y, 2 + 3e(C2(I8YP + 18Zu) + | AL (Y0, ZO)P).

We then choose & := 1/(6C?) and B := 3sC? + ¢!, and plug the latter estimate
in (10.17). This provides:

1 r 1 r
eﬂ’|8Y,|2+§E, [/ |82u|2du} <E, [eﬂT|8.§|2+2—C2/ eﬂ“lAﬁ,(YL?,ZB)qu]
t 0

which implies the required inequality by taking the supremum over ¢ € [0, 7] and
using the Doob’s maximal inequality for the martingale {F,[e?T [§£|?],r < T}. O

10.4 BSDEs and Stochastic Control

We now turn to the question of controlling the solution of a family of BSDEs in the
scalarcasen = 1. Let (f,, £,)yeys be a family of coefficients, where U/ is some given
set of controls. We assume that the coefficients ( f,, §,),eys satisfy the conditions
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of the existence and uniqueness of Theorem 10.2, and we consider the following
stochastic control problem:

Vo :=sup Yy, (10.18)
veu

where (Y, Z") is the solution of BSDE(f", £").

The above stochastic control problem boils down to the standard control
problems of Sect.3.1 when the generators f* are all zero. When the generators
f" are affine in (y,z), the problem (10.18) can also be recasted in the standard
framework, by discounting and change of measure.

The following easy result shows that the above maximization problem can be
solved by maximizing the coefficients (§%, f%):

fi(y,2) :==-esssup f,"(y.2). & :=esssupé&”. (10.19)
veUu veUu

The notion of essential supremum is recalled in the Appendix of this chapter.
We will assume that the coefficients (f, §) satisfy the conditions of the existence
result of Theorem 10.2, and we will denote by (Y, Z) the corresponding solution.

A careful examination of the statement below shows a great similarity with the
verification result in stochastic control. In the present non-Markovian framework,
this remarkable observation shows that the notion of BSDEs allows to mimic the
stochastic control methods developed in the Markovian framework of the previous
chapters.

Proposition 10.6. Assume that the coefficients ( f, €) and (f,, &,) satisfy the condi-
tions of Theorem 10.2, for all v € U. Assume further that there exists some v € U
such that

[ = (o) and & = £

Then Vo = Y and Y, = esssup, ¢, ¥,', t € [0, T], P—a.s.

Proof. The P—a.s. inequality Y > Y, for all v € U, is a direct consequence of the
comparison result of Theorem 10.4. Hence, Y, > sup, ¢, Y,”, P—a.s. To conclude,

we notice that Y and Y7 are two solutions of the same BSDE, and therefore must
coincide, by uniqueness. O

The next result characterizes the solution of a standard stochastic control problem
in terms of a BSDE. Here, again, we emphasize that, in the present non-Markovian
framework, the BSDE is playing the role of the dynamic programming equation
whose scope is restricted to the Markovian case.

Let

T
U() := inf EPV I:,B(‘)}TEV +/ :3; Tgu(Vu)dui|v
veUu ' 0 ’
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where

dpv
dP

= i MO AW=E I A 0PA gpg gy o R
Fr ,

We assume that all coefficients involved in the above expression satisfy the required
conditions for the problem to be well defined.
We first notice that for every v € U, the process

T
e A R O A !
t

is the first component of the solution (Y, Z") of the affine BSDE:
QY = — [V 20+ ZAW, Y = €

with f"(y,2) = £(v)) — k;(vi)y + A;(v;)z. In view of this observation, the
following result is a direct application of Proposition 10.6.

Proposition 10.7. Assume that the coefficients

& :=esssup&’ and fi(y,z) :=esssup f,"(y.2)
veu veu

satisfy the conditions of Theorem 10.2, and let (Y, Z) be the corresponding solution.
Then U() = Y().

10.5 BSDEs and Semilinear PDEs

In this section, we specialize the discussion to the so-called Markovian BSDEs in
the one-dimensional case n = 1. This class of BSDEs corresponds to the case where

fi(y.2) = F(t, X;, y.2) and § = g(X7),

where F : [0,T] x R x Rx R — Rand g : R — R are measurable, and X
is a Markovian diffusion process defined by some initial data X, and the SDE:

dX, = pu(t, X)dr + o(t, X,)dW,. (10.20)

Here 1 and o are continuous and satisfy the usual Lipschitz and linear growth
conditions in order to ensure existence and uniqueness of a strong solution to the
SDE (10.20), and

F, g have polynomial growth in X,

and F is uniformly Lipschitz in (y, z).
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Then, it follows from Theorem 10.2 that the above Markovian BSDE has a unique
solution.

We next move the time origin by considering the solution {X!*, s > ¢} of (10.20)
with initial data X, = x. The corresponding solution of the BSDE

dY = —F(s, X[, Y5, Zy)ds + ZdW,, Yr =g (X7") (1021

will be denoted by (Y, Z'¥).
Proposition 10.8. The process {(Y,**, Z!*),s € [t. T]} is adapted to the filtration

Fli=0cW,—W,uelts]), seltT].

In particular, u(t,x) := Y,"* is a deterministic function and

N

YN = Y5 = u(s, XYY, foralls € [t,T], P—a.s.

Proof. The first claim is obvious, and the second one follows from the fact that
Xx — Xs,X.f'X O
r r N

Proposition 10.9. Let u be the function defined in Proposition 10.8, and assume
thatu € C'2([0, T),R?). Then

1
—du— - Du— ETr[(mTDzu] — fou,6"Du)y =00n[0,T) x RY. (10.22)

Proof. This an easy application of Itd’s formula together with the usual localization
technique. O

By weakening the interpretation of the PDE (10.22) to the sense of viscosity
solutions, we may drop the regularity condition on the function u in the latter
statement. We formulate this result in the following exercise.

Exercise 10.10. Show that the function u of Proposition 10.8 is a viscosity solution
of the semilinear PDE (10.22), i.e., usx and u* are viscosity supersolution and
subsolutions of (10.22), respectively.

We conclude this chapter by nonlinear version of the Feynman—Kac formula.

Theorem 10.11. Let v € CU%([0,T),RY) be a solution of the semilinear
PDE (10.22) with polynomially growing v and o~ Dv. Then

v(t,x) =Y forall (t,x) €[0,T] xR?,

where (Y'*, Z'*) is the solution of the BSDE (10.21).

Proof. For fixed (¢,x), denote Y, := v(s, X!*¥) and Z; := o (s, X!¥). Then, it
follows from Itd’s formula that (Y, Z) solves (10.21). From the polynomial growth
on v and Dv, we see that the processes ¥ and Z are both in H?. Then they coincide
with the unique solution of (10.21). ]
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10.6 Appendix: Essential Supremum

The notion of essential supremum has been introduced in probability in order to face
the problem of maximizing random variables over an infinite family Z. The problem
arises when Z is not countable because then the supremum is not measurable, in
general.

Theorem 10.12. Let Z be a family of rv. Z : Q@ —> R U {oo} on a probability

space (2, F,P). Then there exists a unique (a.s.) rv. Z : Q@ — R U {oo} such
that

(@) Z>Z,as. forall Z € Z. )
(b) Forall nv. Z' satisfying (a), we have Z < Z’, a.s.

Moreover, there exists a sequence (Z,),en C Z such that Z= sup, ey Zn-
The rv. Z is called the essential supremum of the family Z and denoted by ess sup Z.

Proof. The uniqueness of Z is an immediate consequence of (b). To prove exis-
tence, we consider the set D of all countable subsets of Z. For all D € D, we define
Zp :=sup{Z : Z € D}, and we introduce the r.v. { := sup{E[Zp] : D € D}.

1. We first prove that there exists D* € D such that { = E[Zp+]. To see this, let
(Dy)n C D be a maximizing sequence, i.e., E[Zp, ] — ¢, then D* := U, D, €
D satisfies E[Zp+] = ¢. We denote Z := Zp+.

2. Tt is clear that the r.v. Z satisfies (b). To prove that property (a) holds true, we
consider an arbitrary Z € Z together with the countable family D := D* U
{Z)CD.ThenZp = Z Vv Z,and ¢ = E[Z] < E[Z v Z] < {. Consequently,
ZVZ:Z,andeZ,a.s. O



Chapter 11
Quadratic Backward SDEs

In this chapter, we consider an extension of the notion of BSDEs to the case where
the dependence of the generator in the variable z has quadratic growth. In the
Markovian case, this corresponds to a problem of second-order semilinear PDE
with quadratic growth in the gradient term. The first existence and uniqueness
result in this context was established by M. Kobylanski in her Ph.D. thesis by
adapting some previously established PDE techniques to the non-Markovian BSDE
framework. In this chapter, we present an alternative argument introduced recently
by Tevzadze [39].

Quadratic BSDEs turn out to play an important role in the applications, and the
extension of this section is needed in order to analyze the problem of portfolio
optimization under portfolio constraints.

We shall consider throughout this chapter the BSDE

T T
Y, =§+/ fs(Zs)ds—/ Zy - dW; (11.1)

where £ is a bounded Fr—measurable r.v. and f : [0,T] x @ x RY — R is
P ® B(RY)—measurable and satisfies a quadratic growth condition:

[£lloo < 00 and | £;(z)| < C(1 + |z|*) for some constant C > 0.  (11.2)

We could have included a Lipschitz dependence of the generator on the variable
y without altering the results of this chapter. However, for exposition clarity and
transparency, we drop this dependence in order to concentrate on the main difficulty,
namely, the quadratic growth in z.
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11.1 A Priori Estimates and Uniqueness

In this section, we prove two easy results. First, we show the connection between the
boundedness of the component Y of the solution and the bounded mean oscillation
(BMO) property for the martingale part f; Z; - dW;. Then, we prove uniqueness in
this class.

11.1.1 A Priori Estimates for Bounded Y

We denote by M? the collection of all P—square integrable martingales on the time
interval [0, T']. We first introduce the so-called class of martingales with BMO:

BMO := {M € M*: |M|gmo < oo},
where

M |[smo = sup [E[(M)r —(M)c|Fr]lloo -

1677)7_

Here, 7, is the collection of all stopping times, and (M) denotes the quadratic
variation process of M. We will be essentially working with square integrable
martingales of the form M = fo' ¢sdWs. The following definition introduces an
abuse of notation which will be convenient for our presentation.

Definition 11.1. A process ¢ € H? is said to be a BMO martingale generator if

||¢||H2BMO = ” fo bs - dI/V"HBMO < 0.

We denote by H ;1= {¢ € H? : [|§]|2

2 < 00}.

For this class of martingales, we can rewrite the BMO norm by the It6 isometry
into

T
1012, o= s |&| [ 16 Pasl 7

‘L'E7BT 00

The following result shows why this notion is important in the context of
quadratic BSDEs.

Lemma 11.2. Let (Y, Z) be a solution of the quadratic BSDE (11.1) (in particular,
Z e W2 ) with generator f satisfying (11.2). Assume that the process Y is

loc

bounded. Then Z € Hi0.-

Proof. Let (ty)n>1 C 76T be a localizing sequence of the local martingale fo' Zs -
dW;. By It6’s formula together with the boundedness of Y, we have forany t € 7. :
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Tn 1
eflVlloo > efYu _ efYe — / BelYs ((§/3|zs|2 — fS(ZS)) ds + Z, .dWS).

By the Doob’s optional sampling theorem, this provides

2 Tn n
'%E [/ eﬁx*lZslzds)}}} < eflVlle 4 g [/ PV £(Z,)ds

T

7]

< (1 +pCT)efle 1 gCE [/ eﬂY‘|ZS|2ds‘]—}}.

T

Then, setting 8 = 4C, it follows that

T
e PVl [/ |ZS|2ds‘}'r:|

T

IA

T
E [ / eBY: |ZS|2ds)}'r:|

= lim TE[/ RadVARY

—
n—00 :

7]

2
< 1H4CT By
=ace ’

which provides the required result by the arbitrariness of t € 76T. O

11.1.2 Some Properties of BMO Martingales

In this section, we list without proof some properties of the space BMO. We refer to
the book of Kazamaki [25] for a complete presentation on this topic.

1. The set BMO is a Banach space.

2. M € BMO if and only if [ HdM € BMO for all bounded progressively
measurable process H .

3. If M € BMO, then

(a) The process E(M) := eV —3(M) jg o uniformly integrable martingale.

(b) The process M — (M) is a BMO martingale under the equivalent measure
EM)-P.

(¢) E(M) € " for some r > 1.

4. For ¢ € HZy0, We have

T p »
2 2
E (/ |bs| ds) < 2p!(4||¢||H2 ) forall p > 1.
0 BMO

In our subsequent analysis, we shall only make use of the Properties 1 and 3.
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11.1.3 Uniqueness

We now introduce the main condition for the derivation of the existence and
uniqueness result.

Assumption 11.3. The quadratic generator f is C? in z, and there are constants
01, 0, such that

|D.fi(2)] < 6i1(1 + |z]), |DEfi(2)| < 6> forall (t,w,2) €[0,T] x 2 x R

Lemma 11.4. Let Assumption 11.3 hold true. Then, there exists a bounded progres-
sively measurable process ¢ such that for allt € [0,T],z,7 € R?

i@ = i) =¢- =) < lz=2|(l2 +1]). P—as.  (11.3)

Proof. Since f is C? in z, we introduce the process ¢, := D, f;(0) which is
bounded by 6, according to Assumption 11.3. By the mean value theorem, we
compute that, for some constant A = A(w) € [0, 1],

/i@ — i) =¢- =) = |D.filkz+ (1 = 1)) — ¢ | |z—7|
< Bz + (1= D)2 lz— 72|,
by the bound on sz f:(z) in Assumption 11.3. The required result follows from the
trivial inequality [Az + (1 — A)Z| < [z| + |Z/|. ]

We are now ready for the proof of the uniqueness result. As in the Lipschitz case,
we have the following comparison result which implies uniqueness.

Theorem 11.5. Let f°, f! be two quadratic generators satisfying (11.2). Assume
further that f' satisfies Assumption 11.3. Let (Y, Z"), i = 0,1, be two bounded
solutions of (11.1) with coefficients (£, £"). Assume that

£' = & and f1(Z)) = £2(Z)). 1 €[0.T]. P—a.s.

Then Y' > YO P—a.s.
Proof. We denote §&§ 1= £' —£°,8Y == Y! —Y° 67 := Z' — Z°, and 6f =
FUZYY = £9(Z°). Then, it follows from Lemma 11.4 that
T T
57, =5g—/ azs-dWS+/ 5f.ds
t t

T T
> 8¢ - / 57, dW, + / (f' = £)(Z%ds

T
4 / (12D — £1(Z2%)ds
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T T
=dg— [ ozeawos [ (- £
T
[ (8 @i= 20 - ezl - 20020 + 121D as

s / L 57, (W, — Avds) + / = 20,

where ¢ is the bounded process introduced in Lemma 11.4 and the process A is
defined by

1ZJ1 +1Z]

Ay = ¢ — 0
V7]

(Z} = Z)z1_z020. s € [1.T).

Since Y° and Y! are bounded, and both generators f 0 f 1 satisfy Condition (11.2),
it follows from Lemma 11.2 that Z° and Z! are in HZ,,,. Hence, A € H3,,,, and
by Property 3 of BMO martingales, we deduce that the process W. — [; A ds is a
Brownian motion under an equivalent probability measure Q. Taking conditional
expectations under QQ then provides

T
o= 55 [t [ (1 = yzhas] s

which implies the required comparison result. O

11.2 Existence

In this section, we prove existence of a solution to the quadratic BSDE in two
steps. We first prove existence (and uniqueness) by a fixed point argument when
the final data & is bounded by some constant depending on the generator f* and the
maturity 7. In the second step, we decompose the final data as £ = ) 7_, & with
& is sufficiently small so that the existence result of the first step applies. Then,
we construct a solution of the quadratic BSDE with final data £ by adding these
solutions.

11.2.1 Existence for Small Final Condition

In this subsection, we prove an existence and uniqueness result for the quadratic
BSDE (11.1) under Condition (11.3) with ¢ = 0. Recall that (11.3) was implied by
Assumption 11.3.
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Theorem 11.6. Assume that the generator f satisfies
fi(0) =0and | fi(z) = fi()| < balz =2 | (12l + |]), P—as.  (11.4)

Then, for every Fr—measurable r.v. £ with ||§||Leo < (6460,)7", there exists a unique
solution (Y, Z) to the quadratic BSDE (11.1) with

2 2 )
1Y 500 +1Z11, = (1662)7".

Proof. Consider the map @ : (y,z) € S® x H3,,o —> S = (¥, Z) defined by:

T T
Y, =§+/ fs(zs)ds—/ Z,-dW,, t €[0,T], P —as.
t t

The existence of the pair (Y, Z) = ®(y,z) € H? is justified by the martingale
representation theorem together with Property 4 of BMO martingales which ensures
that the process f(Z) is in HZ.

To obtain the required result, we will prove that @ is a contracting mapping on
8% x H%y;o when £ has a small L>®—norm as in the statement of the theorem.

1. In this step, we prove that
(Y,Z) = &(y,2) € S x H>.

First, we estimate that

T
v = |E, [s +[ fs(zs)ds}

< oo + € (T + 2l ) -

proving that the process Y is bounded. We next calculate by It6’s formula that,
for every stopping time t € 76T,

IY.|? + E, [/T |ZS|2ds} — Et[lélz + /T 2sts(z5)ds]

T

T
< €12 + 2] | sEx [/ |fs(zs)|ds]

T

where E.[.] = E[.|F;] and, similar to the proof of Theorem 10.2, the expectation
of the stochastic integral vanishes by Property 4 of BMO martingales.
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By the trivial inequality 2ab < iaz + 4b2, it follows from the last inequality
that:

T T
P | [ 1zPas| < e+ 1 IR 4 (5| [ 101 )

1 r ?
<ol + 0V +4 (B | [ oaas))

by Condition (11.4). Taking the supremum over all stopping times t € 7/ , this
provides:

2

1
Yie +1Z]32 <202 4+ = 11Y 300 + 862|I2]1%
1Y 500 + |l ”HZBMO_ 1L +2|| g0 + ZIIZIIH%MO,
and therefore
Y% + 1Z)12 < 4|2 + 1607 |22
1Y s [ ”H%Mo— &1L 2”Z”H%Mo

The power 4 on the right-hand side is problematic as it may cause the explosion
of the norms, given that the left-hand side is only raised to the power 2! This is
precisely the reason why we need to restrict || ||co to be small. For instance, let

. R 2 2 2
Ri= . Nl = 5 and 313 + 22, < B2

~ 166,
Then, it follows from the previous estimates that

R2 5R?
Y% + |1 Z)1? < 4— 4+ 1602R* = —.

Denoting by By the ball of radius R in S x H3,,,, we have then proved that
®(BR) C Bg.

2. Fori =0,1and (y'.,7') € Bg, wedenote (Y, Z") := ®(y',7'), 8y := y' —",
87:=7' =228y =YY% 6§Z:=Z'—Z° and §f = f(z') — £ (). We
argue as in the previous step: apply 1t6’s formula for each stopping time t € 76T,
take conditional expectations, and maximize over t € 76T. This leads to

2

T
I8Y [5os + 18Z117, <16 sup (Et [/ |5fs|dsD . (11.5)
BMO .

‘L'E7BT
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‘We next estimate that

(= [ ]

2 2

T
<62 (E [ / 1821(12°] + |z§|)dsD
59221&[/ |5z52d3} [/ (2% + |2! I)st}
§4R29221Er[/ |8zs|2dsi|.

Then, it follows from (11.5) that
1
8Y %00 + I8Z]%, < 16 x 4R?02 |62 < — |18z
[18Y 500 + |l IIHzBMO < 5 |l Z”H§3M0 =71 Z”H§3M0

Hence, @ is a contraction, and there is a unique fixed point. O

11.2.2 Existence for Bounded Final Condition

We now use the existence result of Theorem 11.6 to build a solution for a quadratic
BSDE with general bounded final condition. Let us already observe that, in contrast
with Theorem 11.6, the following construction will only provide existence (and not
uniqueness) of a solution (Y, Z) with bounded ¥ component. However, this is all we
need to prove in this section as the uniqueness is a consequence of Theorem 11.5.

We first observe that, under Condition (11.2), we may assume without loss
of generality that f;(0) = 0. This is an immediate consequence of the obvious
equivalence:

(Y, Z) solution of BSDE( £, §) iff (Y, Z) solution of BSDE( f, 5),

where ¥, := Y, — [, f;(0)ds,0 <t < T, and § 1= é—fOT f5(0)ds.
We then continue assuming that f;(0) = 0.
Consider an arbitrary decomposition of the final data & as

1
= here o < —— 11.6
£ = ;aw I8l =< g (11.6)
For instance, one may simply take & := %E and n sufficiently large so that (11.6)

holds true.
We will then construct solutions (Y', Z") to quadratic BSDEs with final data &
as follows:

Step 1. Let f! := f, and define (Y'!, Z') as the unique solution of the quadratic
BSDE
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T T
Y =¢ +/ fl(zhds —/ Z!-dW,, t €0,T]. (11.7)
t t

Under Condition (11.2) and Assumption 11.3, there is a unique solution (Yl, V4 l)
with bounded Y! and Z' € H3,,,. This is achieved by applying Theorem 11.6
under a measure Q defined by the density £(f; Df;(Z)) - dW;) where Z° := 0 and
Df;(0) is bounded. See also Lemma 11.8.

Step 2. Given (Y7, Z7);<;—1, we define the generator

i@ = f (7;"1 + z) —f (7;“) where Z\ ' 1= li zl. (11.8)

j=1
We will justify in Lemma 11.8 that there is a unique solution (Y, Z") to the BSDE

T T
Y =& +/ f;‘(z;i)ds—/ Zidw,, t €0, 7], (11.9)
t

t
with bounded Y and such that Z' := Z! + -+ Z' € H2,,,.

Step 3. We finally observe that by setting ¥ := Y' + ...+ Y", Z := Z", and by
summing the BSDEs (11.9), we directly obtain

Yf=Zn:%-l-/tTZn:ﬂ(Zi)ds—/TZS.dWs

i=1 i=1 4
T T
=¢£ +/ fs(Zy)ds —/ Z,-dWg,
t t

which means that (Y, Z) is a solution of our quadratic BSDE of interest. Moreover,
Y inherits the boundedness of the Y’s, and therefore Z € HZBMO by Lemma 11.2.
Finally, as mentioned before, uniqueness is a consequence of Theorem 11.5.

By the above argument, we have the following existence and uniqueness result.

Theorem 11.7. Let f be a quadratic generator satisfying (11.2) and Assump-
tion 11.3. Then, for any & € 1L°°(Fr), there is a unique solution (Y,Z) €
8% x H3,,,, to the quadratic BSDE (11.1).

For the proof of this theorem, it only remains to show the existence claim in
Step 2.

Lemma 11.8. Fori = 1,...,n, let the final data f;‘" be bounded as in (11.6). Then
there exists a unique solution (Y, Z")1<i<n of the BSDEs (11.9) with bounded Y ’s.

Moreover, the process 7 =270 +...4+Z € H%Mofor alli =1,...,n.
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Proof. We shall argue by induction. That the claim is true for i = 1 was justified in
Step 1 above by following exactly the same argument as in Step 2. We next assume
that the claim is true forall j <i — 1 and extend ittoi.

1. We first prove a convenient estimate for the generator. Set

¢ = DfI0) = Df(Z ). (11.10)

Then, it follows from the mean value theorem that there exists a random A =
A(w € [0, 1] such that

|f1@ = f1(@) =9l - z—2)| = |Dff (Az+ (1 = 1)Z) = D (0)] |z — 7|
< GlAz+ (1 —-1)7| |z—7|
< balz = Z|(|] + |Z)). (11.11)

2. We rewrite the BSDE (11.9) into
V=g [ zhas— [ 20 @ gide). where @) = £~ 912
t t

By the definition of the process ¢' in (11.10), it follows from Assumption 11.3

that |¢/| < 6;(1 + |Z |) Then ¢’ € H%MO is inherited from the induction

hypothesis which guarantees that Z/ € H3,,, for j < i — 1, and therefore
Z' e H123MO‘ By Property 3 of BMO martingales, we then conclude that

B =W — /.qb‘éds is a Brownian motion under Q' := & (/qﬁﬁ dW) -P.
0 0 T

We now view the latter BSDE as formulated under the equivalent probability
measure Q' by

T T
v =4 +f hf;(zods—/ Zi-dBl, @' —as
t

t

where, by (11.11), the quadratic generator A’ satisfies the conditions of The-
orem 11.6 with the same parameter ¢, and the existence of a unique solution
(Y1, Z") € 8% x lesMo(Qi) follows.

3. It remains to prove that Z' := Z' + ...+ Z' € H%MO To see this, we define
7 = Y!4...4 Y7, and observe that the pair process (Y Z ) solves the BSDE

i i T i . . T_,'
Y;=Z§,»+/ Z]gf(zg)ds—/ Z, - dw;
j=1 VS !
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i L T
=Y & +/ fs’(ZS)ds—/ Z. - dw,.
j=1 !

t

Since Z;Zl g; is bounded and f' satisfies (11.2), it follows from Lemma 11.2
that Z' € H3,,0. O

Remark 11.9. The conditions of Assumption 11.3 can be weakened by essentially
removing the smoothness conditions. Indeed an existence result was established by
Kobylansky [26] and Morlais [31] under weaker assumptions.

11.3 Portfolio Optimization Under Constraints

The application of this section was first introduced by Elkaroui and Rouge [17] and
Imkeller et al. [22].

11.3.1 Problem Formulation

In this section, we consider a financial market consisting of a non-risky asset,
normalized to unity, and d risky assets S = (S',...,S?) defined by some initial
condition Sy and the dynamics:

dS[ = St * Oy (dI/Vf + Qtdt) ,

where 6 and o are bounded progressively measurable processes with values in R?
and R?*¢ | respectively. We also assume that o; is invertible with bounded inverse
process o~ .

In financial words, 6 is the risk premium process, and o is the volatility (matrix)
process.

Given a maturity 7 > 0, a portfolio strategy is a progressively measurable
process {m,,t < T} with values in R? and such that fOT |7;)?dt < o0, P—a.s.

Foreachi = 1,...,d andt € [0, T], nr; denotes the dollar amount invested in
the i th risky asset at time 7. Then, the liquidation value of a self-financing portfolio
defined by the portfolio strategy 7 and the initial capital X is given by

t
X" =X, +/ 7 - 0p (AW, + 6,dr) . t € [0, T (11.12)
0

We shall impose more conditions later on the set of portfolio strategies. In particular,
we will consider the case where the portfolio strategy is restricted to some

A closed convex subset of R?.
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The objective of the portfolio manager is to maximize the expected utility of the
final liquidation value of the portfolio, where the utility function is defined by

U(x) := —e /7 forall x € R, (11.13)

for some parameter 1 > 0 representing the risk tolerance of the investor, i.e., 77 is
the risk aversion.

2

loc

Definition 11.10. A portfolio strategy = € H_is said to be admissible if it takes

values in A and
the family {e_Xf m te 76T} is uniformly integrable. (11.14)

We denote by A the collection of all admissible portfolio strategies.

We are now ready for the formulation of the portfolio manager problem. Let & be
some bounded Fr—measurable r.v. representing the liability at the maturity 7". The
portfolio manager problem is defined by the stochastic control problem:

Vo :=sup E[U (X7 —§)]. (11.15)
reA

Our main objective in the subsequent subsections is to provide a characterization of
the value function and the solution of this problem in terms of a BSDE.

Remark 11.11. The restriction to the exponential utility case (11.13) is crucial to
obtain a connection of this problem to BSDEs.

e In the Markovian framework, we may characterize the value function V' by
means of the corresponding dynamic programming equation. Then, extending
the definition in a natural way to allow for a changing time origin, the dynamic
programming equation of this problem is

1
—d,v—supim-00Dv+ ElUTnlanv +(0Tn) - (s x oDyv) = 0.
T

(11.16)

Notice that the above PDE is fully nonlinear, while BSDEs are connected to
semilinear PDEs. So, in general, there is no reason for the portfolio optimization
problem to be related to BSDEs.

e Let us continue the discussion of the Markovian framework in the context of an
exponential utility. Due to the expression of the liquidation value process (11.13),
it follows that U(X 7{(0’”) = e X/MU(X)™), where we emphasized the depen-
dence of the liquidation value on the initial capital X,. Then, by definition of the
value function V', we have

V(t.x,s) =e/V(t,0,s),
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i.e., the dependence of the value function V in the variable x is perfectly
determined. By plugging this information into the dynamic programming equa-
tion (11.16), it turns out that the resulting PDE for the function U(¢,s) :=
V(¢,0,s) is semilinear, thus explaining the connection to BSDEs.

e A similar argument holds true in the case of power utility function U(x) = x?/p
for p < 1. In this case, due to the domain restriction of this utility function, one
defines the wealth process X in a multiplicative way, by taking as control 7, :=
7; / X;, the proportion of wealth invested in the risky assets. Then, it follows that
XX = XoX1™, V(t,x,5) = xPV(1,0,5) and the PDE satisfied by V(z,0, s)
turns out to be semilinear.

11.3.2 BSDE Characterization

The main result of this section provides a characterization of the portfolio manager
problem in terms of the BSDE:

T T
Y, =&+ fr(Zy)dr —/ Z,-dW,, t <T, (11.17)
t t
where the generator f is given by
fi(@) i=—z-0 —ﬁlé’ > + 1 inf |07 — (z+ 779)‘2
t . t 2 t 2,7 red t t .
1
= —z-6,— —|9[|2 —dlst(z+ n6;, 0, A)%, (11.18)

where for x € R?, dist(x, 0; A) denotes the Euclidean distance from x to the set
0; A, the image of A by the matrix o;.

Example 11.12 (Complete market). Consider the case A = R?, i.e., no portfolio
constraints. Then f;(z) = —z- 6, — 116, |? is an affine generator in z, and the above
BSDE can be solved explicitly:

T
Y, = KO [s— ’ |9,.|2dr} e
t

where Q is the so-called risk-neutral probability measure which turns the process
W + [ 6,dr into a Brownian motion.

Notice that, except for the complete market case A = R? of the previous
example, the above generator is always quadratic in z. See however Exercise 11.15
for another explicitly solvable example.



178 11  Quadratic Backward SDEs

Since the risk premium process is assumed to be bounded, the above generator
satisfies Condition (11.2). As for Assumption 11.3, its verification depends on the
geometry of the set A. Finally, the final condition represented by the liability £ is
assumed to be bounded.

Theorem 11.13. Let A be a closed convex set, and suppose that f satisfies
Assumption 11.3. Then the value function of the portfolio management problem and
the corresponding optimal portfolio are given by

—1(Xy— N .
Vo = —e 107 gpg 7, = Argmlil lofn —(Z; +n6))|,
e

where Xy is the initial capital of the investor and (Y, Z) is the unique solution of
the quadratic BSDE (11.17).

Proof. For every m € A, we define the process

VT = —em XTI e [0, T).

1. We first compute by Itd’s formula that

T 1 T 0,7 1 T 0,7
avr =V, (dX, —dY,) + g = 1),

—%Vt”[(ﬁ(zz) —(Z,, 7)) dt + (o) 70 — Z1) -dW,],

where we denoted:
1
@iem) = om0 + o —af?

2

3

n 1
= —2 = 3l6F + 7 folx — G+ nfh)

so that f;(z) = infre4 ¢;(z, ). Consequently, the process V™ is a local
supermartingale. Now recall from Theorem 11.7 that the solution (Y, Z) of the
quadratic BSDE has a bounded component Y. Then, it follows from admissibility
condition (11.14) of Definition 11.10 that the process V'™ is a supermartingale.
In particular, this implies that —e~X0=%0)/7 > E[V7], and it then follows from
the arbitrariness of 7 € A that

Vo < —e~ Ko=)/, (11.19)

2. To prove the reverse inequality, we notice that the portfolio strategy 7 introduced
in the statement of the theorem satisfies

dv7 = —%V,ﬁ (017, — 2,) - dW,.
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Then Vlﬁ is a local martingale. We continue by estimating its diffusion part:

U,Tffr - Zt| < 0| + |UrT7ATt —(Z, + ﬂet)|

16| + \/ft(zt) +Z -0, + gletlz

C +1Z:],

IA

for some constant C. Since Z € HZBMO by Theorem 11.7, this implies that o, 77, —
Z, € H123MO and o'7, € HZBMO' Then, it follows from Property 3 of BMO
martingales that 7 € A and V'™ is a martingale. Hence,

FeAdandE [_e—<X¥—YT>/n] — e~ (Xo=Yo)/n

which, together with (11.19), shows that Vy = —e~(X0=10)/7 and # is an optimal
portfolio strategy. O

Remark 11.14. The condition that A is convex in Theorem 11.13 can be dropped
by defining the optimal portfolio process 7 as a measurable selection in the set of
minimizers of the norm |07 — (Z; + n6;)| over r € A. See Imkeller et al. [22].

Exercise 11.15. The objective of the following problem is to provide an example of
portfolio optimization problem in incomplete market which can be explicitly solved.
This is a non-Markovian version of the PDE based work of Zariphopoulou [42].

1. Portfolio optimization under stochastic volatility Let W = (W', W?2) be a
standard Brownian motion on a complete probability space (§2, F, IP), and denote
F = {F = o(W/.5s < D}iz0.F i= {F, = F' V Flizo.
Consider the portfolio optimization problem:

Vo := sup ]E[ - e_’?(Xz’Z—S)]’
€A

where n > 0 is the absolute risk-aversion coefficient, £ is a bounded
JFr—measurable random variable, and

T
X5 = / n,Uf(p,dW'tl + /1= p2dW? + e,dz)
0

is the liquidation value at time T of a self-financing portfolio 7 in the financial
market with zero interest rates and stock price defined by the risk premium
and the volatility processes 6 and o. The latter processes are F—bounded and
progressively measurable. Finally, p is a correlation process taking values in
[0, 1], and the admissibility set A is defined as in Imkeller-Hu-Miiller (see my
Fields Lecture notes).
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2. BSDE characterization. This problem fits in the framework of Hu-Imkeller-
Miiller of portfolio optimization under constrained portfolio (here the portfolio
is constrained to the closed convex subset R x {0} of R?).
We introduce a risk-neutral measure Q under which the process B =
(B!, B?):

t t
B :=w/! +/ 6,p,dr and B} := W} +/ 6,1/ 1 — pAdr,
0 0

is a Brownian motion.
Then, it follows that V; = ", where (Y, Z) is the unique solution of the
quadratic BSDE:

T T
=g+ [ pzar- [ 7 (11.20)
t t

where the generator f : Ry x £2 x R? is defined by

62 n 2
fi(@) = “2 + E(V 1—p? 71 + p,zz) forall 7 € R2.

The existence of a unique solution to this BSDE with bounded component ¥ and
BMO martingale fo Z, - dB, is guaranteed by our results in the present section.

3. Conditionally Gaussian stochastic volatility. We next specialize the discussion
to the case:

£ is ]-"} —measurable, and 6,0, p are F'—progressively measurable.

Then, by adaptability considerations, it follows that the second component of the
Z—process Z> = 0. Denoting the first component by ¢ := Z!, this reduces the
BSDE (11.20) to

n=§+/T(—9—2+ Ta-p )g‘?)dr—/T;,.dB,}. 11.21)

4. Linearizing the BSDE. To achieve additional simplification, we further assume
that the correlation process p is constant. Then for a constant 8 € R, we
immediately compute by Itd’s formula that the process y; := ef!' satisfies

dJ’r 92 2 2
=p|5— (1— )2 ) de + /3 ¢rdt 4 BLdB;
Vit 2n
so that the choice

B*:=n(1—p?



11.4 Interacting Investors with Performance Concern 181

leads to a constant generator for y. We now continue in the obvious way
representing yo as an expected value and deducing Y.

5. Utility indifference. In the present framework, we may compute explicitly the
utility indifference price of the claim &.... This leads to a nonlinear pricing rule
which has nice financial interpretations.

11.4 Interacting Investors with Performance Concern

11.4.1 The Nash Equilibrium Problem

In this section, we consider N portfolio managersi = 1,..., N whose preferences
are characterized by expected exponential utility functions with tolerance parame-
ters n;:

Ul(x):= — /", x eR. (11.22)

In addition, we assume that each investor is concerned about the average perfor-
mance of his peers. Given the portfolio strategies 7',i = 1, ..., N, of the managers,
we introduce the average performance viewed by agent i as

—i, 7T 1 i
X" = T X, (11.23)
J#i
The portfolio optimization problem of the i th agent is then defined by
Vo (()2) =y
= sup E [Uf ((1 —ahxE 4+l (xx —7’}”))] 1<i<N,
rie Al

(11.24)

where A’ € [0, 1] measures the sensitivity of agent i to the performance of his peers,
and the set of admissible portfolios A’ is defined as follows.

Definition 11.16. A progressively measurable process 7' with values in R? is said
to be admissible for agent i, and we denote 7’ € A’ if:

1. 7' takes values in 4;, a given closed convex subset of R4,
2. B[y |7} 2de] < oo,
3. The family {e—X?'/n" Te T} is uniformly bounded in L? for all p > 1.

Our main interest is to find a Nash equilibrium, i.e., a situation where all portfolio
managers are happy with the portfolio given those of their peers.
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Definition 11.17. A Nash equilibrium for the N portfolio managers is an N —tuple
@' ....7aY) e A" x .-« x AN such that, for every i = 1,...,N, given
(@) j#i» the portfolio strategy 7' is a solution of the portfolio optimization problem
Vo ((#7) i)

11.4.2 The Individual Optimization Problem

In this section, we provide a formal argument which helps to understand the
construction of Nash equilibrium of the subsequent section.
For fixedi = 1,..., N, we rewrite (11.24) as

Vii= sup E[U" (x7 —é")] . where £ 1= AIX,. (11.25)

mleAl

Then, from the example of the previous section, we expect that value function VOi
and the corresponding optimal solution be given by

Vi = —e~Xi=Ton (11.26)

and

o'l =al(C + 1'6,) where al (') := Arg min |0 u' — 7|,  (11.27)
u' €Al
and (Y7, ') is the solution of the quadratic BSDE:
~ ~. T ~. nl ~ o~ . T ~.
= [ (<80 T10 P G o0)ar— [ Gawr <7 (128)
t t

and the generator f " is given by

~ . 1 . . .
fiZ) = 2—”l_dist(z’,a,A’)2, 7 eRY. (11.29)

This suggests that one can search for a Nash equilibrium by solving the
BSDEs (11.28) foralli = 1,..., N. However, this raises the following difficulties.

The first concern that one would have is that the final data & does not have to be
bounded as it is defined in (11.25) through the performance of the other portfolio
managers.

But in fact, the situation is even worse because the final data Ei induces a
coupling of the BSDEs (11.28) fori = 1,..., N. To express this coupling in a
more transparent way, we substitute the expressions of & and rewrite (11.28) for
t = O into:
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T=ne [ e = [ (a-a Yaleh ) b,
j#i

where the process B := W + fo 0,dr is the Brownian motion under the equivalent
martingale measure,

/\i

Ay =
NN

¢= 46,1 €0,T],

and the final data is expressed in terms of the unbounded r.v.

T 1 T
£ = / 6, -dB, — -/ 6, |dt.
0 2 Jo

Then Yo = Yy, where (7, ¢) is defined by the BSDE
Y) = n's+/ f,’(g;)dr—/ t—2A Y al@))|-dB..  (11.30)
t t . /.
J#i

In order to sketch (11.30) into the BSDEs framework, we further introduce the
mapping ¢; : RV — RN defined by the components:

PNy =0 =20 Y al (@) foralg!. Y eRY (1131
J#i
It turns out that the mapping ¢; is invertible under fairly general conditions. We shall

prove this result in Lemma 11.18 in the case where the A’’s are linear subspaces of
R?. Then one can rewrite (11.30) as

T T
Y] = n"é+/ f,"(z,)dr—/ Z!.dB,, (11.32)
t t
where the generator 7 is now given by

fi@ = fl(l¢7 (@)) forallz = (2',...,2Y) e RV, (11.33)

and {¢,"'(z)}' indicates the ith block component of size d of ¢, (z).

11.4.3 The Case of Linear Constraints

We now focus on the case where the constraints sets are such that

Al isalinearsubspaceofRd, i=1,...,N. (11.34)
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Then, denoting by P, the orthogonal projection operator on o, A’ (i.e., the image of
A’ by the matrix o,), we immediately compute that

2 (') == P/(¢') (11.35)
and
¢!ty =0 =2 Y T PI(E)). fori=1.....N. (11.36)
j#
Lemma 11.18. Let (A')i<j<y be linear subspaces of R?. Then, for all t €
[0,T]:
(i) The linear mapping ¢, of (11.36) is invertible if and only if

N N
[V <tor()4 = {0} (11.37)
i=1 i=1

(ii) This condition is equivalent to the invertibility of the matrices I; — Q!,
i=1,...,N, where

4 A . o
Q! = Z 1 N/\f P/ (1g + Ay P)).
j#i LT AN

(iii) Under (11.37), the ith component of ;" is given by

L N 1 S
W@ =Us—0h7 7+ Y P/ (M2 — A7)
J#i N
Proof. We omit all 7 subscripts, and we denote 41’ := A%, For arbitrary z', ..., z"
in RY, we want to find a unique solution to the system
-y Pl =7 1<i<N. (11.38)

J#i
1. Since P/ is a projection, we immediately compute that (I 4+ u/ P/)~" = I; —

: 4’_‘; ~ P/ Subtracting equations i and j from the above system, we see that

WPy

PI(Iy + ﬂij)_l(Hj(Id + 1 PO+ pizj — szi)

= APJ(,uf(Id+u’P’)§’ +up'7 —u’z’).
14+ p/
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Then it follows from (11.38) that

I el J J i 1 1 L] _ 4]
7 =g ;HWP (u (g + @' PHE + p'z uz),
JFl

and we can rewrite (11.38) equivalently as

1
L+ u/

PI(u'z) — !,

_ W j i pi i

I ZHWP g+ P | ¢ =z +Z

J#i J#i

(11.39)

so that the invertibility of ¢ is now equivalent to the invertibility of the matrices
I;— Q% i=1,...,N,where Q' is introduced in statement of the lemma.

2. We now prove that I, — Q" is invertible for everyi = 1,..., N iff (11.37) holds

true.

(a) First, assume to the contrary that A’ = 1 for all i and NY_ A’ contains a
nonzero element x°. Then, it follows that y° := ¢Tx? satisfies P/ y? = y°
forall i = 1,...,N, and therefore Q'y° = »°. Hence, I; — Q' is not
invertible.

(b) Conversely, we consider separately two cases.

o If Ao < 1forsome iy € {l,..., N}, we estimate that

i 1 i 1
10 _ i 1
1% — 2 —
N—1 and < N—1

— < =
L+ po 1+ L+uh ~ 1+ 55

for i # iy.

Then for all i # iy and x # 0, it follows that |Q"x| < |x| proving that
I — Q' is invertible.

e If Al = 1foralli = 1,...,N, then for all x € Ker(Q"), we have
x = Q'x and therefore

_ w j i pi ‘
|x|_‘§1+w’P (Ig + 11 PHx
JFEi

1 . .
=[S pPig, + —— P ‘
N‘g o+ P>

IA

1 1
N§(1+N_1|x| = |xl,
JFI

where we used the fact that the spectrum of the P'’s is reduced to {0, 1}.
Then equality holds in the above inequalities, which can only happen if
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Pix = xforalli =1,..., N. We can then conclude that ﬂlN:lKer(Id —
P') = {0} implies that I; — Q" is invertible. This completes the proof as
NN_Ker(I; — P') = {0} is equivalent to N A" = {0}. O

i=1

11.4.4 Nash Equilibrium Under Deterministic Coefficients

The discussion of Sect. 11.4.2 shows that the question of finding a Nash equilibrium
for our problem reduces to the vector BSDE with quadratic generator (11.32), that
we rewrite here for convenience:

T T
Y] = n’é‘+/ f,,"(z,.)dr—/ Z!-dB,, (11.40)
t t
where § = fOT 6, -dB, — 3 fOT |6, |>dr, and the generator ' is given by:

i@ = f1l¢7 @))) forallz=(2',....2Y) e RV, (11.41)

Unfortunately, the problem of solving vector BSDEs with quadratic generator is
still not understood. Therefore, we will not continue in the generality assumed so
far, and we will focus in the sequel on the case where

the A’’s are vector subspaces of R and

o; = o(t) and 6, = 0(¢t) are deterministic functions. (11.42)

Then, the vector BSDE reduces to

1

Y =nf+—
; n$+2n,

[Tkh._w@»g¢@rngy”%r_[ngch

(11.43)

where P/ = Pi(¢) is deterministic and {¢, ' (z)}’ = {¢(¢)"'(z)}’ is deterministic
and given explicitly by Lemma 11.18(iii).
In this case, an explicit solution of the vector BSDE is given by

Zi=n'0()

i T t
Y = —"—/ |6(t)|>dt + i/ [(I; — PL(t)M ' (1)0(t)|de, (11.44)
2 Jo 217" Jo
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where

, A : o
M) = 1s=) 1 NP/ (t)Uq + Ay P (1)
J#i N

. 1 . . N
x| n' e+ 30— P OG0 — )
1+

By (11.27), the candidate for agent ith optimal portfolio is also deterministic and
given by

Ali=0"'PIM0,i=1,...,N. (11.45)

Proposition 11.19. In the context of the financial market with deterministic coeffi-
cients (11.42), the N —tuple (7', ..., 7V defined by (11.45) is a Nash equilibrium.

Proof. The above explicit solution of the vector BSDE induces an explicit solution
(Y, ") of the coupled system of BSDEs (11.28), 1 <i < N with deterministic ¢'.
In order to prove the required result, we have to argue by verification following the
lines of the proof of Theorem 11.13 for every fixed i in {1,...,n}.

1. First for an arbitrary 7/, we define the process
1/[” = _e_(thi_?[i)/ni , t e [0’ T]

By It6’s formula, it is immediately seen that this process is a local supermartin-
gale (the generator has been defined precisely to satisfy this property!). By the
admissibility condition of Definition 11.16 together with the fact that Y’ has a
Gaussian distribution (as a diffusion process with deterministic coefficients), it
follows that the family {V™', € T} is uniformly bounded in L' ™ for any ¢ > 0.
Then the process V™' is a supermartingale. By the arbitrariness of 7' € A’, this
provides the first inequality

—e KT/ > i (R));21)

2. We next prove that equality holds by verifying that 77 € A’ and the process V7 i
is a martingale. This will provide the value function of agent i’s portfolio opti-
mization problem and the fact that 7 is optimal for the problem V{ ((77/) ;).

That 7' € A’ is immediate; recall again that &' is deterministic. As in
the previous step, direct application of It6’s formula shows that V_ﬁl is a local
martingale, and the martingale property follows from the fact that X”' and ¥’ have
deterministic coefficients. O

We conclude this section with a simple example which shows the effect of the
interaction between managers.
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Example 11.20 (N = 3 investors, d = 3 assets). Consider a financial market with
N = d = 3. Denoting by (ey, €3, €3) the canonical basis of R3, the constraints set
for the agents are

A1 = Re; + Rey, Ay = Rey + Res, A3 = Res,

i.e., agent 1 is allowed to trade without constraints the first two assets, agent 2 is
allowed to trade without constraints the last two assets, and agent 3 is only allowed
to trade the third assets without constraints.

We take 0 = I3. In the present context of deterministic coefficients, this means
that the price processes of the assets are independent. Therefore, if there were no
interaction between the investors, their optimal investment strategies would not be
affected by the assets that they are not allowed to trade.

In this simple example, all calculations can be performed explicitly. The Nash
equilibrium of Proposition 11.19 is given by

N 24+ A
7= 0! (Oer + 500 (0ex.

2
. 24 A 24 A,
A = S 10 e + g6’ (e, and
2 2
24 A3
A3 3
Ty = @7]9 (1)63.

This shows that, whenever two investors have access to the same asset, their
interaction induces an overinvestment in this asset characterized by a dilation factor
related to the their sensitivity to the performance of the other investor.



Chapter 12
Probabilistic Numerical Methods
for Nonlinear PDEs

In this chapter, we introduce a backward probabilistic scheme for the numerical
approximation of the solution of a nonlinear partial differential equation. The
scheme is decomposed into two steps:

1. The Monte Carlo step consists in isolating the linear generator of some underly-
ing diffusion process, so as to split the PDE into this linear part and a remaining
nonlinear one.

2. Evaluating the PDE along the underlying diffusion process, we obtain a natural
discrete-time approximation by using finite differences approximation in the
remaining nonlinear part of the equation.

Our main concern will be to prove the convergence of this discrete-time approx-
imation. In particular, the above scheme involves the calculation of conditional
expectations that should be replaced by some approximation for any practical
implementation. The error analysis of this approximation will not be addressed here.

Throughout this chapter, 1 and o are two functions from R, xR? to R? and S,
respectively. Let @ := o2, and define the linear operator:

LXp = aa—(f—i-u-Dw—}-%a-DZ(p.
Consider the map
F:(@x,r,py) eRy xRY xR x R4 XSy +— F(x,r,p,y) €R,
which is assumed to be elliptic:

F(t,x,r,p,y) > F(t,x,r,p,y’) forally >y’

Our main interest is on the numerical approximation for the Cauchy problem:

—LXy—F (v, Dv,D*) =0, on[0,T) x RY, (12.1)
v(T,) =g, on € R4, (12.2)
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12.1 Discretization

Let W be an R¢-valued Brownian motion on a filtered probability space
(2, F,F,P).

For a positive integer n, let h := T/n, t; = ih,i = 0,...,n, and consider the
one step ahead Euler discretization

R = xR + o (6 x) Wi — W), (12.3)
of the diffusion X corresponding to the linear operator £*. Our analysis does
not require any existence and uniqueness result for the underlying diffusion X.
However, the subsequent formal discussion assumes it in order to provide a natural
justification of our numerical scheme.

Assuming that the PDE (12.1) has a classical solution, it follows from It6’s
formula that

lit1
Eyx [V (ti41. Xip)] = v (i x) + Ey [/ LXv(t, X,)dt}
ti

where we ignored the difficulties related to the local martingale part, and E;, , :=
E[-| X, = x] denotes the expectation operator conditional on {X,, = x}. Since v
solves the PDE (12.1), this provides

lit1
v(ti,x) = By o [v (ti41. Xy )| + Bk [/ F(-,v, Dv, D?*v)(t, X,)dt} .
ti

By approximating the Riemann integral, and replacing the process X by its Euler
discretization, this suggests the following approximation:

VI(T, ) = g and V! (1, x) := R, V' (t 11, )] (%), (12.4)

where we denoted for a function ¥ : RY — R with exponential growth:
R[]0 = E[w(X[)] +hF (@ D) (0. (12.5)
with D,y := (DYy, D)y, D2y)', and
Diy(x) :=E [DW()?,?-")] fork = 0,1,2,

and D is the kth order partial differential operator with respect to the space
variable x. The differentiations in the above scheme are to be understood in the sense
of distributions. This algorithm is well defined whenever g has exponential growth
and F is a Lipschitz map. To see this, observe that any function with exponential
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growth has weak gradient and Hessian and the exponential growth is inherited at
each time step from the Lipschitz property of F.

At this stage, the above backward algorithm presents the serious drawback
of involving the gradient Dv/(¢;1;,.) and the Hessian D>V (f;4,.) in order to
compute v (t;, .). The following result avoids this difficulty by an easy integration-
by-parts argument.

Lemma 12.1. Let f : R? — R be a function with exponential growth. Then
E[D fE))] = B[ fRp O H 0] fori = 1.2,
where

h 1 —1 1
H, :ZU WhandHZ—

i o'WW, —hly)o . (12.6)

Proof. We only provide the argument in the one-dimensional case; the extension
to any dimension d is immediate. Let G be a one-dimensional Gaussian random
variable with men m and variance v. Then, for any function f with exponential
growth, it follows from an integration by parts that

ELf/(G)] = / Fis)e s J‘%
1 s—m G _
= [ oSt j% - E[f(G)Tm]

where the remaining term in the integration-by-parts formula vanishes by the
exponential growth of f. This implies the required result fori = 1.
To obtain the result for i = 2, we continue by integrating by parts once more:

BL/(G)] = E [f’(G)G+’”}
/f (s) —1Gom? ds

m
-/ f(S)(

(G - M) }

—E[f(G)

In the sequel, we shall denote Hj, := (1, H", HZh)T. In view of the last lemma,
we may rewrite the discretization scheme (12.4) into

VI(T,.) = g and V' (1, x) = R, [V (ti 1. )] (x), (12.7)



192 12 Probabilistic Numerical Methods for Nonlinear PDEs
where
R, [V1(0) = E [y (X])] + hF (1.~ Duy) ()
and
Dﬁ¢(@;=:E[¢(X;wL¢(uxﬂ fork = 0,1,2. (12.8)

Observe that the choice of the drift and the diffusion coefficients 1 and o in the
nonlinear PDE (12.1) is arbitrary. So far, it has been only used in order to define the
underlying diffusion X . Our convergence result will however place some restrictions
on the choice of the diffusion coefficient, see Remark 12.6.

Once the linear operator £ is chosen in the nonlinear PDE, the above algorithm
handles the remaining nonlinearity by the classical finite differences approximation.
This connection with finite differences is motivated by the following formal
interpretation of Lemma 12.1, where, for ease of presentation, we setd = 1, u = 0,
ando(x) = 1:

e Consider the binomial random walk approximation of the Brownian motion

W, = Z];:l wj, ty :=kh, k > 1, where {w;, j > 1} are independent random

variables distributed as % (8{ i} + 8{_ ﬁ}). Then, this induces the following
approximation:

tx h ﬁ — - ﬁ
D) 1= B[y ] ~ YOI PN

which is the centered finite differences approximation of the gradient.

 Similarly, consider the trinomial random walk approximation W}, := Z];'=l wj,

ti:=kh,k > 1, where {w;, j > 1} are independent random variables distributed

as é (8{@} + 480y + 5{—«/@})’ so that E[w] = E[W)] for all integers n < 4.
Then, this induces the following approximation:
Djy(x) = E[y(X;") Hy]

Y+ V3h) =29 (x) + Y(x — V3h)
- 3h :

which is the centered finite differences approximation of the Hessian.

In view of the above interpretation, the numerical scheme (12.7) can be viewed as
a mixed Monte Carlo—Finite Differences algorithm. The Monte Carlo component
of the scheme consists in the choice of an underlying diffusion process X. The
finite differences component of the scheme consists in approximating the remaining
nonlinearity by means of the integration-by-parts formula of Lemma 12.1.
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12.2 Convergence of the Discrete-Time Approximation

The main convergence result of this section requires the following assumptions:

Assumption 12.2. The PDE (12.1) has comparison for bounded functions, i.e., for
any bounded upper-semicontinuous viscosity subsolution u and any bounded lower-
semicontinuous viscosity supersolution v on [0, T) x R?, satisfying

u(T,-) = w(T,>),

we have u < v.

For our next assumption, we denote by F;, F,, and F, the partial gradients of F'
with respect to 7, p, and y, respectively. We also denote by F” the pseudo-inverse
of the nonnegative symmetric matrix F,. We recall that any Lipschitz function is
differentiable a.e.

Assumption 12.3. (i) The nonlinearity F is Lipschitz continuous with respect to
(x,r, p,y) uniformly int, and | F(-,+,0,0,0) | < 00.
(ii) F is elliptic and dominated by the diffusion of the linear operator LY, i.e.

F, <a on RIXxRxR? x S;. (12.9)

(iii) F, € Image(F,) and |F) F; F,|_ < +oo.
Before commenting this assumption, we state our main convergence result.
Theorem 12.4. Let Assumptions 12.2 and 12.3 hold true, and assume that i, o are

Lipschitz-continuous and o is invertible. Then for every bounded Lipschitz function
g, there exists a bounded function v so that

v —s v locally uniformly.

In addition, v is the unique bounded viscosity solution of problem (12.1) and (12.2).

The proof of this result is reported in the Sect.12.4. We conclude by some
remarks.

Remark 12.5. Assumption 12.3(iii) is equivalent to

|my|eo < 00 Where mp 1= mir} {F,, -w+ WTF),W} . (12.10)
weR

To see this observe first that F, is a symmetric matrix, as a consequence of the

ellipticity of F. Then, any w € R? has an orthogonal decomposition w = w; 4w €

Ker(F,) @ Image(F), ), and by the nonnegativity of F,,

Fp-w+wTwa =F, w+F, 'wz—}—ngywz

1 1 ?
= = Fp B By & Fypowi | S(F)2 - Fy = F)Pws



194 12 Probabilistic Numerical Methods for Nonlinear PDEs

Remark 12.6. Assumption 12.3(ii) places some restrictions on the choice of the
linear operator £ in the nonlinear PDE (12.1). First, F is required to be uniformly
elliptic, implying an upper bound on the choice of the diffusion matrix o. Since
o’ e S;', this implies in particular that our main results do not apply to general
degenerate nonlinear parabolic PDEs. Second, the diffusion of the linear operator o
is required to dominate the nonlinearity F which places implicitly a lower bound on

the choice of the diffusion o.

Example 12.7. Let us consider the nonlinear PDE in the one-dimensional case
—& 1 (a>v{, — b*vy,) where 0 < b < a are given constants. Then if we restrict
the choice of the diffusion to be constant, it follows from Assumption 12.3 that
%az < 0% < b?, which implies that a> < 3b2. If the parameters a and b do not
satisfy the latter condition, then the diffusion o has to be chosen to be state and time

dependent.

Remark 12.8. Under the boundedness condition on the coefficients y and o, the
restriction to a bounded terminal data g in Theorem 12.4 can be relaxed by an
immediate change of variable. Let g be a function with «—exponential growth for
some o > 0. Fix some M > 0, and let p be an arbitrary smooth positive function
with

p(x) =P for [x| > M,
so that both p(x)~!Vp(x) and p(x)~!'V2p(x) are bounded. Let
u(t,x) = p(x)""v(t,x) for (t,x) €[0,T] x R?.

Then, the nonlinear PDE problem (12.1) and (12.2) satisfied by v converts into the
following nonlinear PDE for u:

—LXu—F (~u, Du, D*u) =0 on[0,T) x RY
(T, )=g:=p'g onR?, (12.11)

where

- _ 1 _ _
F(t,x,r,p,y) = rp(x) - p~'Vp + STr[a(x) (rp™' V2p + 2pp~ Vo' )]
+p ' F (t,x,1p,rVp + pp,rV?p +2pVp" + py).

Recall thgt the coefficients ; and o are assumed to be bounded. Then, it is easy to
see that F satisfies the same conditions as F. Since g is bounded, the convergence
Theorem 12.4 applies to the nonlinear PDE (12.11).
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12.3 Consistency, Monotonicity and Stability

The proof of Theorem 12.4 is based on the monotone schemes method of Barles and
Souganidis [4] which exploits the stability properties of viscosity solutions. The
monotone schemes method requires three conditions: consistency, monotonicity,
and stability that we now state in the context of backward scheme (12.7).

To emphasize on the dependence on the small parameter /4 in this section, we
will use the notation

Tule](t, x) := R/ [p(t + h,)](x) forall ¢ : Ry x R — R.

Lemma 12.9 (Consistency). Let ¢ be a smooth function with bounded derivatives.
Then for all (¢, x) € [0, T] x R¢

i ([c + @] = Tale + @) (@', x")

X"y — (t.x) h
(h.c) = (0.0)
' +h=T

=— (LY@ + F(.¢. Dy, D*p)) (1. x).

The proof is a straightforward application of 1t6’s formula, and is omitted.

Lemma 12.10 (Monotonicity). Let ¢, : [0,T] x R? — R be two Lipschitz
functions with ¢ < . Then

Tule](t. x) < Ta[¥](t.x) + Ch E [(w — @)t +h, )2;;")] for some C > 0

depending only on the constant m in (12.10).

Proof. By Lemma 12.1, the operator T can be written as

Tuly](t,x) = E [w()?,;w‘)] +hE (t,x,]E [W(Y}’l’x)Hh(t,x)]) .

Let f := ¥ — ¢ > 0 where ¢ and V¥ are as in the statement of the lemma. Let F;
denote the partial gradient with respect to T = (r, p, y). By the mean value theorem

Ty, x) = Tulglt.x) = E| f(X}) | + hF(0) - Dy f(£})
= B[S (1 4+ hF0) - Hy,0))].
for some 6 = (¢, x, 7, p, y). By the definition of Hj (¢, x)

Tu[¥] — Tule]
) [f()f,i”‘) (14 hFy + Fpo ' Wy + ™ Fy -0~ (W, ;T — h1)o—1)] ,



196 12 Probabilistic Numerical Methods for Nonlinear PDEs

where the dependence on 6 and x has been omitted for notational simplicity. Since
F, < a by Assumption 12.3, we have 1 — al. F, > 0 and therefore

T[y] = Tulg) = B[ f(X]) (hF, + Fpo™ Wy + h7'Fy -0~ Wy Wlo™) |

. 14 AN
=E [f(X,';’x) (hFr + th.o_ITh +hF, o' 22 h 0_1)} )
Recall the function m r defined in (12.10). Under Assumption 12.3, it follows from
Remark 12.5 that K := |m|e < 00. Then

W, W,
—1 "RV U_l -

W
F],.CT 1_1+th0 h2 8

h

—K,
and therefore:
Ty[y] — Thip] > E I:f(XIQY) (hF, — hK):I > —C'hE I:f()?;,x):l

for some constant C > 0, where the last inequality follows from (12.10). O

Lemma 12.11 (Stability). Let ¢, v : [0,T] x R? — R be two L®°—bounded
functions. Then there exists a constant C > 0 such that

[ Thle] = Tuly]] o, < ¢ = ¥loo(l + Ch).

In particular, if g is L°°—bounded, then the family (V') defined in (12.7) is
L*°—bounded, uniformly in h.

Proof. Let f := ¢ — . Arguing as in the previous proof, we see that
> -1 2 [ —
Tulel = Tuly] =E| f(Xp) | L —a™" - Fy + h| A" + hFr — 2 F, F,Fy ) |

where

1 Wa

1 1
_ —\1/2 _rl/2 -
An= ()2, — Flo =

Since 1 =Tr[a™' F,] > 0, | F;|oo < 00, and |F) F;” Fy|oo < 00 by Assumption 12.3,
it follows that

IThle] = Thl¥]loo < |floo (1 —a™" - F, + hE[|A4|*] + Ch).

But, E[|4,]*] = %FPTFV_F,, + a~! - F,. Therefore, using again Assumption 12.3,
we see that
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h -
) = TVl = oo (14 3PP Fy 4 Ch) < 171l +C

To prove that the family ('), is bounded, we proceed by backward induction. By
the assumption of the lemma V(T .) = g is L®®—bounded. We next fix some i < n
and we assume that |vh(tj, Joo < Cj foreveryi +1 < j < n — 1. Proceeding as
in the proof of Lemma 12.10 with ¢ = v"(#;11,.) and ¥ = 0, we see that

V't )|, < hIF(t.x,0,0,0)] + Cip1(1 + Ch).

Since F(¢,x,0,0,0) is bounded by Assumption 12.3, it follows from the discrete
Gronwall inequality that [V (#;,.)|c < Ce€” for some constant C independent
of h. O

12.4 The Barles—-Souganidis Monotone Scheme

This section is dedicated to the proof of Theorem 12.4. We emphasize on the fact
that the subsequent argument applies to any numerical scheme which satisfies the
consistency, monotonicity, and stability properties. In the present situation, we also
need to prove a technical result concerning the limiting behavior of the boundary
condition at 7. This will be needed in order to use the comparison result which
is assumed to hold for the equation. The statement and its proof are collected in
Lemma 12.12.

Proof of Theorem 12.4. 1. By the stability property of Lemma 12.11, it follows
that the relaxed semicontinuous envelopes

v(t,x) = liminf V(¢ x')and ¥(t,x) ;= limsup (', x")
(ht' x")=>(0.t,x) (ht! x")=(0,t.x)

are bounded. We shall prove in Step 2 that v and v are viscosity supersolution
and subsolution, respectively. The final ingredient is reported in Lemma 12.12
which states that v(7,.) = v(T, .). Then, the proof is completed by appealing to
the comparison property of Assumption 12.2.

2. We only prove that v is a viscosity supersolution of (12.1). The proof of the
viscosity subsolution property of v follows exactly the same line of argument.
Let (19, x0) € [0,T) x R? and ¢ € C* ([0, T] x R?) be such that

0 = (v—9)(t, x9) = (strict) min (v — ¢). (12.12)
[0.7]xR4

Since V" is uniformly bounded in /2, we may assume without loss of generality

that ¢ is bounded. Let (A, t,, X,), be a sequence such that
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h, = 0, (t,, x,) — (to, x0), and yhn (tn, xn) — v(to, x0).  (12.13)

For a positive scalar r with 2r < T — 1y, we denote by B, (ty, x,) the ball of
radius r centered at (¢,, X, ), and we introduce

8= (V" —@)(fy, %)) = min (V' — ), (12.14)
Br(tnvxn)

where v is the lower-semicontinuous envelope of v, We claim that

8, — 0 and (,, %,) — (to, X0). (12.15)

This claim is proved in Step 3 . By the definition of Vin, we may find a sequence
(7!, %! )n>1 converging to (fo, xo), such that

V(g %) = v (s 2)| < By and o (B, 1) = @, 2)| < . (12.16)
By (12.14), (12.16), and the definition of the functions v in (12.7), we have
207 48, + @iy, 57) =y + 8, + i, £2)
= h2 + VI (6, %)
> v (0. %,
= Ty, V"1(#). %))
> Ty, lo" + 8,1, %,
+Ch,E [(vh” —9—68) (X;‘)] ,

where the last inequality follows from (12.14) and the monotonicity property of
Lemma 12.10. Dividing by /4, the extremes of this inequality provide

8u + @iy, %) = T, 9" + 8,12, %))
hy

> CE [(uh” —9—38) (X;,")] .

We now send n to infinity. The right hand side converges to zero
by (12.13), (12.15), and the dominated convergence theorem. For the left hand-
side term, we use the consistency result of Lemma 12.9. This leads to

(_ EX@ - F(s Y, Dws Dz(p))(tOvXO) >0,

as required.
3. We now prove Claim (12.15). Since (fn, Xn)n is a bounded sequence, we may
extract a subsequence, still named (7,, £,),, converging to some (7, £). Then:
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0= (v—9)(%,x0)

= lim (V™ — @) (ty, x,)
n—>o00

v

lim sup(vﬁ” — @) (tu, Xn)

n—o0

> limsup(V™" — @) (%, %)
n—>o00

L hy ~AA
= iminf(vy" — @) (@, X,)
> v-9)(i,3).
Since (o, xo) is a strict minimizer of the difference (v — ¢), this implies (12.15).
O

The following result is needed in order to use the comparison property of
Assumption 12.2. We shall not report its long technical proof, see [19].

Lemma 12.12. The function V' is Lipschitiz in x, 1/2—Hdlder continuous in t,
uniformly in h, and for all x € R, we have

Vi, x) — g(x)| < C(T —1)7.



Chapter 13
Introduction to Finite Differences Methods

by Agnes Tourin™

In this lecture, I discuss the practical aspects of designing Finite Difference methods
for Hamilton—Jacobi—Bellman equations of parabolic type arising in quantitative
finance. The approach is based on the very powerful and simple framework
developed by Barles— Souganidis [4], see the review of the previous chapter. The
key property here is the monotonicity which guarantees that the scheme satisfies the
same ellipticity condition as the HIB operator. I will provide a number of examples
of monotone schemes in these notes. In practice, pure finite difference schemes are
only useful in 1, 2, or at most 3 spatial dimensions. One of their merits is to be quite
simple and easy to implement. Also, as shown in the previous chapter, they can also
be combined with Monte Carlo methods to solve nonlinear parabolic PDEs.

Such approximations are now fairly standard, and you will find many interesting
examples available in the literature. For instance, I suggest the articles on the subject
by Forsyth (see [33,41,43]). There is also a classical book written by Kushner and
Paul Dupuis [28] on numerical methods for stochastic control problems. Finally,
for a basic introduction to finite difference methods for linear parabolic PDEs, 1
recommend the book by Thomas [40].

13.1 Overview of the Barles—Souganidis Framework

Consider the parabolic PDE
u, — F(t,x,u, Du, D>u) = 0in (0, T] x RV, (13.1)
1(0, x) = up(x) in RV, (13.2)

*Fields Institute Research Immersion Fellow, 2010

N. Touzi, Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE, 201
Fields Institute Monographs 29, DOI 10.1007/978-1-4614-4286-8__13,
© Springer Science+Business Media New York 2013
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where F is elliptic
F(t,x,u,p,A) > F(t,x,u,p,B), ifA> B.

For the sake of simplicity, we assume that 1 is bounded in R" .
The main application we have in mind is, for instance, to an operator F' coming
from a stochastic control problem:

F(t,x,r,p, X) = sup{—Tr[a“(t, x)X] = b%(t,x)p — c*(t, x)r — f*(t,x)},
a€A

where a* = 1o%0°T.

Typically, the set of control 4 is compact or finite, all the coefficients in the
equations are bounded and Lipschitz continuous in x, Holder with coefficient % in
¢ and all the bounds are independent of «. Then the unique viscosity solution u of
(13.1) is a bounded and Lipschitz continuous function and is the solution of the
underlying stochastic control problem. The ideas, concepts, and techniques actually
apply to a broader range of optimal control problems. In particular, you can adapt the
techniques to handle different situations, even possibly treat some delicate singular
control problems.

In the previous chapter, our convergence result required the technical,
Lemma 12.12 in order for the comparison result to apply. However, an easier
statement of the Barles—Souganidis method can be obtained at the price of assuming
a stronger comparison result in the following sense.

Definition 13.1. We say that the problem (13.1) and (13.2) satisfies the strong
comparison principle for bounded solution if for all bounded functions u € USC
and v € LSC such that

o u(resp. v) is a viscosity subsolution (resp. supersolution) of (13.1) on (0, T]xR".
e The boundary condition holds in the viscosity sense

max{u, — F(.,u, Du, D*u),u— up} > 0 on {0} x RY
min{u; — F(.,u, Du, Dzu), u—up} <0on {0} x RY;

we have u < von [0, T] x RV,

Under the strong comparison principle, any monotonic stable and consistent
scheme achieves convergence, and there is no need to analyze the behavior of the
scheme near the boundary.

The aim is to build an approximation scheme which preserves the ellipticity. This
discrete ellipticity property is called monotonicity. The monotonicity, together with
the consistency of the scheme and some regularity, ensures its convergence to the
unique viscosity solution of the PDE (13.1), (13.2). It is worth insisting on the fact
that if the scheme is not monotone, it may fail to converge to the correct solution
(see [33] for an example)! We present the theory rather informally, and we refer to
the original articles for more details. The general concepts and machinery apply to a



13.2  First Examples 203

wide range of equations, but the reader needs to be aware that each PDE has its own
peculiarities and that, in practice, the techniques must be tailored to each particular
application.

A numerical scheme is an equation of the following form:

S(hot,x,up(t, x), [up)in) = 0 for (z,x) in Gy \{r = 0} (13.3)

up(0,x) = up(x) in G, N {¢ = 0} (13.4)

where h = (At,Ax), G, = At{0,1,...,n7} x AxZ" is the grid, u;, stands for the
approximation of u on the grid, u;, (¢, x) is the approximation uy, at the point (z, x),
and [up], . represents the value of u;, at other points than (¢, x). Note that u;, can be
both interpreted as a function defined at the grid points only or on the whole space.
Indeed if one knows the value of u; on the mesh, a continuous version of u;, can be
constructed by linear interpolation.

The first and crucial condition in the Barles—Souganidis framework is:

Monotonicity S(h,t,x,r,u) > S(h,t,x,r,v) whenever u < v.

The monotonicity assumption can be weakened. This was indeed the case in the
previous chapter. We only need it to hold approximately, with a margin of error that
vanishes to 0 as & goes to 0.

Consistency For every smooth function ¢ (¢, x),

li S(h,nAt,iAx, ®(t, , [D(t, %
h—>0,(nAt,iAl,IxI)1—>(t,x),c—>O ( " 1ax ( X)+C[ ( X)+C]t”)

=&, + F(t,x,®(t,x), DO, D> ).
The final condition is:

Stability Forevery h > 0, the scheme has a solution uy, which is uniformly bounded
independently of h.

Theorem 13.2. Assume that the problem (13.1) and (13.2) satisfies the strong
comparison principle for bounded functions. Assume further that the scheme (13.3),
(13.4) satisfies the consistency, monotonicity, and stability properties. Then, its
solution uy, converges locally uniformly to the unique viscosity solution of (13.1),
(13.2).

13.2 First Examples

13.2.1 The Heat Equation: The Classic Explicit
and Implicit Schemes

First, let me recall the classic explicit and implicit schemes for the heat equation:

u; — uyy = 0in(0, T] x R. (13.5)
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u(0,x) = up(x) (13.6)

and verify that these schemes satisfy the required properties. It is well known that
the analysis of the linear heat equation does not require the machinery of viscosity
solutions. Our intention here is to understand the connection between the theory
for linear parabolic equations and the theory of viscosity solutions. More precisely,
our goal is to verify that the standard finite difference approximations for the heat
equation are convergent in the Barles—Souganidis sense.

The Standard Explicit Scheme

u;1+1 _

n n n _ n
wp iy tul_y = 2uf

At AX?

Since, this scheme is explicit, it is very easy to compute at each time step n + 1 the
value of the approximation (u;-’“) ; from the value of the approximation at the time

step n, namely (u});.

n n n
S = 4 A (”i+1 +ui_ —2u; )
1 1

AX?
Note that we may define the scheme S by setting:

S(At, Ax,(n + 1)AT,iAx, u?“, [y ui ui i ])

n+1 n n no__ n
wit iy g — 2u

At AX?

Let us now discuss the properties of this scheme. Clearly, it is consistent with the
equation since, formally, the truncation error is of order two in space and order
one in time. Let us recall how one can calculate the truncation error for a smooth
function u with bounded partial derivatives. Simply write the Taylor expansions

1 1
wly) =l + u (nAt, x;))AX + Euxx(nAt,xi)AXz + uxxngX3
1
+ﬁu””AX4 + AX*(AX)
and

1 1
W, =u! —u (nAt,x;))AX + Euxx(nAt,x,-)AXz - gumAx3

1
+ﬁu””AX4 + AX*(AX)
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Then, adding up the two expansions, subtracting 2u; from the left- and right-hand
sides, and dividing by A X 2 one obtains

wl 4+ ul_ —2ul 1
= AXZI - = Uyx + EuxxxxAXz + O(sz)s

and thus the truncation error for this approximation of the second spatial derivative
is of order 2. Similarly the expansion

1
u7+1::u?+—m(nAtVn)At4—Eun(nAtpn)At2+—Af%(At)

yields
u” +1 _ u”

! 1
# = Mt(nAtsxi) + EM[[A[ + AIG(A[)-

The truncation error for the approximation of the first derivative in time is of order
1 only (for more details about computation of truncations errors, see the book by
Thomas [40]).

Furthermore, the approximation S is monotone if and only if S is decreasing in
ui,uj, and uj_,. First of all, it is unconditionally decreasing with respect to both
ui_;, and uj, . Secondly, it is only decreasing in u} if the following CFL condition
is satisfied:

At
<0

—-142
+ N

or equivalently

1
At < ~AX?
2
The Standard Implicit Scheme

For many financial applications, the explicit scheme turns out to be very inaccurate
because the CFL condition forces the time step to be so small that the rounding
error dominates the total computational error (computational error = rounding error
+ truncation error). Most of the time, an implicit scheme is preferred because it is
unconditionally convergent, regardless of the size of the time step. We now evaluate
the second derivative at time (n + 1)A¢ instead of time nAt,

MIV_I-H g n+1 + un+1 _ 2M;~1+1

U _ Ui i—1
At AX?

Implementing an algorithm allowing to compute the approximation is less obvious
here. This discrete equation, may be converted into a linear system of equations
and the algorithm will then consist in inverting a tridiagonal matrix. The truncation
errors for smooth functions are the same as for the explicit scheme, and the
consistency follows from this analysis.
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We claim that for any choice of the time step, the implicit scheme is monotone.
In order to verify that claim, let us rewrite the implicit scheme using the notation S’

S(At, Ax, (n + DAT, i Ax,u T WAl ul )

n+1 n n+1 n+1 n+1
Wi —up gy sy — 2w

At AX?2

Since S is decreasing in u], u; +1 , and /1], the implicit scheme is unconditionally

monotone.

13.2.2 The Black—-Scholes—Merton PDE

The price of a European call u(z, x) satisfies the degenerate linear PDE
U+ ru— 202x%u — rxue = 0in (0, T] x (0, +00)

u(0,x) = (x — K)*.

The Black—Scholes—Merton PDE is linear and its elliptic operator is degenerate. The
first derivative u, can be easily approximated in a monotone way using a forward
finite difference
n+l _ o+l
u. — U
—rXUy A~ —rx; !
Ax

One can, for instance, implement the implicit scheme

S(At,Ax, (n + DAT,i Ax,u T [ ul a1

uz;+1 —ut n+l + un+l 2un+l un+l _ ur}+l

_ i i 2 Uit . i+1 i
= + ru! ( Ax) Ax? —riAx Ax

13.3 A Nonlinear Example: The Passport Option

13.3.1 Problem Formulation

It is an interesting example of a one-dimensional nonlinear HIB equation. I present
only briefly the underlying model here and refer to the article [41] for more details
and references. A passport option is an option on the balance of a trading account.
The holder can trade an underlying asset S over a finite time horizon [0, T']. At
maturity, the holder keeps any net gain, while the writer bears any loss. The number
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of shares g of stock held is bounded by a given number C. Without any loss of
generality, this number is commonly assumed to be 1 (the problem can be solved in
full generality by using the appropriate scaling). The stock S follows a geometric
Brownian motion with drift u and volatility o, r is the risk-free interest rate, y is
the dividend rate, r; is the interest rate for the trading account, and r, is its cost of
carry rate. The option price V (¢, S, W), which depends on S and on the accumulated
wealth W in the trading account, solves the PDE

Vi+rV =@ —y)SVs—supy —((y —=r +r)gS —rW)Vy

lgl<1
1 5 2
+§U S“(Vss +2qVsw +qVww); =0

V(T,S, W) = max(W,0).

Next, one can reduce this problem to a one-dimensional equation by introducing the
variable x = W/S and the new function u satisfying V(T —¢, S, W) = Su(z, x).
The PDE for u then reads

1
U +yu— sup (¢ —y —re)qg —(r =y —r))xX)uy + EUZ(X—Q)ZMM}
lgl=<1

u(0, x) = max(x, 0).

Note that, in this example, the solution is no longer bounded but grows at most
linearly at infinity. The Barles and Souganidis [4] framework can be slightly
modified to accommodate the linear growth of the value function at infinity.

When the payoff is convex, it is easy to see that the optimal value for ¢ is either
+1 or —1. When the payoff is no longer convex, the supremum may be achieved
inside the interval at ¢* = x — W For simplicity, we consider only the
convex case. -

13.3.2 Finite Difference Approximation

To simplify further, we focus on a simple case: we assume that r —y —r;, = 0 and
r—y—r, < 0. This equation s still fairly difficult to solve because the approximation
scheme must depend on the control g.

1
u +yu—max @ —y —ro)u, + zaz(x—l)zuxx ,

1
- (r -V _rc)“x + 502(x+1)2uxx

u(0, x) = max(x, 0)
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One can easily construct an explicit monotone scheme by using the appropri-
ate forward or backward finite difference for the first partial derivative. Often,
this type of scheme is called “upwind” because you move along the direction
prescribed by the deterministic dynamics b(x, «*) corresponding to the optimal
control @* and pick the corresponding neighbor. For instance, for the passport
option, the dynamics is

Forg* = 1,0 (t,x) =q*(r—y —r0) =(r—y —rc) <0

Forg* = —1,b% (t,x) = —(r —y —re) > 0,
and the corresponding upwind finite differences are

Forq* = 1,uy, ~ D™ u!

Forq* = —1,u, ~ D+u;’,

where we used the standard notations

Then the scheme reads

wi ui —ui_y 1, QUi HUi_y — 2u]
+yu! —max] (r —y —r.) —+—+-0"(x; - 1) ———2——,
A yu; (r—y —re)=— S0 (xi—1) A2
T 1 u!  +ul_ —2ul
- -y _rC)z—x + EO'Z(XI‘ +1)2 -+ szl =0.

This scheme clearly satisfies the monotonicity assumption under the CFL
condition

1
Al = [r=y—rel o2 max{max; {i Ax—1}2,max; {i Ax+1}2} °
Y+ Ax + : Ax2 —

Approximating the first spatial derivative by the classic centered finite difference,
: U~y :
ie., uy ~ 50—, would not yield a monotone scheme here.

Note that this condition is very restrictive. First of all, as expected, At has to
be of order Ax?. Furthermore, At also depends on the size of the grid through the
terms (i Ax — 1)%, (i Ax — 1) and even approaches 0 as the size of the domain
goes to infinity. In this situation, we renounce using the above explicit scheme and

replace it by the fully implicit upwind scheme which is unconditionally monotone.
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n+1 n+1 n+1
wp ' —uy n+1 up  — Ui
! .
+yu;T —max ¢ —y —r.)
At Ax
| g gy = 2 -
R R A B
n+1 n+1 n+1
+u” 2u;
+x 02( 12 ’A); Lt =0

Inverting the above scheme is challenging because it depends on the control. This
can be done using the classic iterative Howard algorithm which we describe below
in a general setting. However, it may be time-consuming to compute the solution of
anonlinear finite difference scheme, i.e., invert an implicit scheme using an iterative
method.

13.3.3 Howard Algorithm

We denote by uj, u; ' ™! the approximations at time 7 and n + 1. We can rewrite the

scheme that we need to invert as

: o n+l o ny
II}XIH{Ahuh _Bl’l I/lh} = 0.

Step 0: Start with an initial value for the control «p. Compute the solution v2 of
APw — By =0
h n Uy =Y

Step k — k + 1: Given v’,; , find o4 4| minimizing AZvﬁ — Bjuj;. Then compute
the solution v T of A3*'w — B*'u = 0.

k+1 n+1 k+1

Final step: If v, — vh| <€, thensetu;,™ = v,

13.4 The Bonnans-Zidani [7] Approximation

Sometimes, for a given problem, it is very difficult or even impossible to find a
monotone scheme. Rewriting the PDE in terms of directional derivatives instead of
partial derivatives can be extremely useful. For example, in two spatial dimensions,
a naive discretization of the partial derivative v,, may fail to be monotone. In
fact, approximating second-order operators with crossed derivatives in a monotone
way is not easy. You actually need to be able to interpret your second-order term
as a directional derivative (of a linear combination of directional derivatives) and
approximate each directional derivative by the adequate finite difference. In other
words, you need to “move in the right direction” in order to preserve the elliptic
structure of the operator.
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Here is, for instance, a naive approximation of vy, (assume Ax = Ay):

A Vil j+1 T Vie1j—1 = Vit1,j—1 — Vi—1j+1
W 4A X2 '

Itis consistent but clearly not monotone (the terms v,y j+1, v;+1,j—1 have the wrong

sign).
Instead, let us follow Bonnans and Zidani [7]. Consider the second-order
derivative

Le®(t, x) = tr(a®(t, x) D*®(t, x))

and assume that the coefficients a* admit the decomposition

a*(t.x) =) azpp’.
B

where the coefficients E% are positive. The operator can then be expressed in terms
of the directional derivatives D; = tr[BBT D?

LY®(t.x) = _aj(t. x)Djd(t.x).
B

Finally, we can use the consistent and monotone approximation for each
directional derivative

) v(t,x + BAx) + v(t,x — BAx) —2v(t, x)
Dyv(t, x) ~ .
|BIPAx?

In practice, if the points x + BAx, x — BAx are not on the grid, you need
to estimate the value of v at these points by simple linear interpolation between
two grid points. Of course, you have to make sure that the interpolation procedure
preserves the monotonicity of the approximation.

Comments

e In all the above examples, I only consider the immediate neighbors of a given
point ((n + 1)At,iAx), namely, (nAt,iAx), (nAt, (i — 1)Ax), (nAt, (@ +
DAXx), ((n + 1)At,(i —1)Ax, and (n + 1)At, (i + 1)Ax). Sometimes, it is
worth considering a larger neighborhood and picking neighbors located further
away from ((n + 1)At,i Ax). It is particularly useful for the discretization of a
transport term with a high speed, when information “travels fast.”

e The theoretical accuracy of a monotone finite difference scheme is quite low.
The Barles—Jakobsen theory [3] predicts a typical rate of 1/5 (|h|é where h =
v/ Ax? + At and an optimal rate of 1/2. Sometimes, higher rates are reported in
practice (first order).
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13.5 Working in a Finite Domain

When one implements a numerical scheme, one cannot work on the whole space
and must instead work on a finite grid. Consequently, one has to impose some extra
boundary conditions at the edges of the grid. This creates an additional source of
error and even sometimes instabilities. Indeed, when the behavior at infinity is not
known, imposing an overestimated boundary condition may cause the computed
solution to blow up. If the behavior of the solution at infinity is known, it is then
relatively easy to come up with a reasonable boundary condition. Next, one can
try to prove that the extra error introduced is confined within a boundary layer or
more precisely decreases exponentially as a function of the distance to the boundary
(see [5] for a result in this direction). Also, one can perform experiments to ensure
that these artificial boundary conditions do not affect the accuracy of the results, by
increasing the size of the domain and checking that the first six significant digits of
the computed solution are not affected.

13.6 Variational Inequalities and Splitting Methods

13.6.1 The American Option

This is the easiest example of variational inequalities arising in finance, and it gives
the opportunity to introduce splitting methods. We look at the simplified VI: u(z, x)
solves

max(u; — Uy, u —Y(t,x)) =0in (0, 7] xR (13.7)
u(0, x) = up(x). (13.8)

This PDE can be approximated using the following semi-discretized scheme

Step 1. Given u", solve the heat equation

wy —wyy = 0in (nAt,(n + 1)At] xR (13.9)
wnAt, x) = u"(x), (13.10)
and set
W2 (x) = w((n + )AL, x).
Step 2.

W+ (x) = inf (W%(x), W ((n + 1)At,x)) .
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It is quite simple to prove the convergence of a splitting method using the
Barles—Souganidis framework. There are many VI arising in quantitative finance,
in particular in presence of singular controls, and splitting methods are extremely
useful for this type of HIB equations. We refer to the guest lecture by H. M. Soner
for an introduction to singular control and its applications.
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